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A serial robotic manipulator arm is a complex electro-mechanical sys-
tem whose performance is primarily characterized by the internal parameters
of its actuators. The actuator itself is a complex nonlinear system whose
performance can be characterized by the speed and torque capabilities of its
motor and its accuracy depends on the resolution of the encoder as well as
its ability to resist deformations in its gear train under load. The mechanical
gain associated with the gear train transmission is critical to the overall per-
formance of the actuator since it amplifies the motor torque thus improving
the force capability of the manipulator housing it, reduces the motor speed to
a suitable output speed operating range, dominates the inertia content of the
manipulator and amplifies the stiffness improving the precision under load of
the overall system.
In this work, a basic analytic process that can be used to manage the
actuator parameters to obtain an improved arm design based on a set of de-
sired/required performance specifications is laid out. The key to this analytic
v
process is the mapping of the actuator parameters (motor speed, motor torque,
rotary stiffness, encoder resolution, transmission efficiency, mass, rotary iner-
tia) to their effective values at the system output via the mechanical gains of
the actuator transmissions as well as the effective mechanical gains associated
with the manipulator geometry. This forward mapping of the actuator param-
eters allows the designer to determine how each of the actuator parameters
influences the functional capacity of the serial manipulator arm. The analytic
formulation is demonstrated to be effective in addressing the issue of configura-
tion management of serial robotic manipulators where the goal is to assemble
a system from a finite set of actuator modules that meets some required per-
formance specifications. To this end, four design case studies demonstrating
the solution of the configuration management problem are presented where
the application domains include designing for light to heavy-duty force appli-
cations, designing for responsiveness and designing for Human-Robot Inter-
actions (HRI). The design trade-offs for each of the application domains are
analyzed and design guidelines are presented.
This research also formulates a new approach to characterizing the dy-
namic behavior of serial chain mechanisms via the kinetic energy distribution.
In any mechanism, the amount of kinetic energy in the system is a very impor-
tant quantity to analyze. Since the inertial torques are directly related to the
rate of change of the kinetic energy, better design (and operation) is achieved
by having an understanding of how kinetic energy is distributed along the
mechanism structure as well as how rapidly kinetic energy is flowing within
it. In this work, a description of the Kinetic Energy Partition Values (KEPV)
for serial chain mechanisms, as well as their rates of change, are presented.
The KEPVs arise from the partitioning of the mechanism’s kinetic energy.
vi
Two design criteria, one based on the KEPVs and another based on their
rates of change, are developed. These design criteria are indicators of both
the dynamic isotropy of the system as well as the amount of kinetic energy
flow within the system. A six-axis spatial manipulator is used to illustrate the
solution of a design optimization problem where the goal is to demonstrate
how the inertial parameters of the actuators and mechanical gains of the actu-
ator transmissions alter the kinetic energy of the system which is “measured”
via an effective mass criterion and its distribution which is measured via the
KEPV criterion. It is demonstrated that the mechanical gains in the actua-
tors significantly influence the magnitude of the kinetic energy as well as its
distribution within the system.
vii
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Chapter 1
Introduction
Robots have remained at the cutting edge of technology since extensive
research and development began in this field in the early 1960s. In the early
stages of the development of the robotics industry, industrial robotic manipu-
lator arms were designed based on the experience and intuition of the designer.
As the science base grew, however, a more analytic approach was taken in the
design of these intricate systems.
Industrial robots are used for applications such as welding, pick-and-
place and assembly operations while maintaining a high level of performance
such as speed, precision and force. The primary goal of industrial robotics
is to execute tasks that cannot easily be accomplished by humans (or cannot
be accomplished with the same level of performance). A potentially larger,
more general field of robotics is service robotics. Service robots are, for the
most part, designed to assist humans in executing a task and, therefore, safety
is the primary concern when designing such systems, followed of course by
their ability to accomplish the task (note that there is a trade-off between
safety and function [Ulrich et al., 1995]). Some of the application fields of
service robots include inspection, surveillance, rehabilitation, education and
entertainment [IEEE Robotics and Automation Society, 2007]. The goal for
both the industrial and service robotics is to design a system that achieves
some desired/required performance specifications.
1
(a) (b)
Figure 1.1. Examples of industrial and service robots: (a)
Kuka’s “Titan” robotic manipulator [Kuka Robot Group,
2007] and (b) Amtec’s Light Weight Arm (LWA3) [Amtec
Robotics, 2007a].
A quick survey of some typical industrial robots offered by most robotics
manufacturers leads us to the fact that the current state of the mechanical
design of industrial robots is quite mature [Bekey et al., 2006]. In fact, the
Titan offered by Kuka Robot Group holds the Guinness Book of Records title
for the worlds largest and strongest 6-axis industrial robot having a payload
capacity of 1000 kg, a 3.2 m reach, a repeatability of 0.2 mm, a speed of
2.5 m/s and a weight of 4700 kg (see Figure 1.1) [Kuka Robot Group, 2007].
This robot is a prime example of the maturity that has been achieved in
the field of industrial robot design. In the period between 1990 and 2000, a
2
UNECE/IFR1 world survey concluded that while prices for industrial robots
had been falling, the performance of these systems had increased [Robotics
Industries Association Online, 2003]. Specifically, the report listed that in this
time frame the price of one robot unit had decreased by 43% while the total
handling capacity improved by 26%, the repetition accuracy improved by 61%
and the mean time between failures improved by 137%. In addition, the life
of an industrial robot is anywhere from 12 to 15 years (over 100,000 hours of
operation) [World Robotics, 2006].
The quick survey of typical industrial robots also leads us to the fact
that industrial robots have evolved in such a way that they share a common
geometry across application domains - typically a Puma-type geometry which
has an articulated wrist for improved dexterity - and the distribution of the
mechanical parameters of the components are similar (especially the mass
distribution of the actuators). Industrial robots typically have most of the
inertial content located near the base and very little near the end-effector.
Distributing the inertial content in this way improves the force capability of
the manipulator (since the gravitational loading of the shoulder and elbow
actuators is reduced) and reduces the effective weight of the system allowing
for higher payloads moved at higher speeds. A key parameter influencing this
distribution is the mechanical gain of the actuator (i.e. the gear train reduction
ratio).
Both industrial and service robotics can benefit from modularity. Mod-
ularity is essential if a system is to be reusable, low cost and of increasingly
higher performance by continuous updates [Tesar, 1997] and it addresses the
1United Nations Economic Commission for Europe/International Federation for
Robotics.
3
    
Figure 1.2. Robotic manipulator construction from finite
set of components [Tesar, 2004].
problems of control and design in such a way that near-term solutions are
possible and long-term growth in intelligent machine systems can be guaran-
teed [Tesar and Butler, 1989]. Modular components can easily be reconfigured
to meet changing operational requirements and they enable quick repair and
maintenance of the robot. Even a small set of standardized components can
be used to create a large population of robots that can be used for numerous
tasks and increasing the set of modules increases the population greatly (see
Figure 1.2). This leads to an improved economy of scale (mass production)
enabling enhanced certification of performance and durability at lower cost.
Most modern industrial robots have some degree of modularity (for example,
the motor and gear train can be easily replaced) and service robots like the one
shown in Figure 1.1(b) can be built entirely from modular components. The
PowerCubeTM PR series servo robotic joints from Amtec Robotics are an-
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other example of modularity [Amtec Robotics, 2007b]. These are pure rotary,
cube-shaped actuators with standardized mechanical and electrical interfaces
that facilitate easy reconfiguration and together with a set of standardized
links, robotic manipulators can be built easily.
This work will serve to establish and demonstrate an analytic frame-
work to manage the actuator parameters to obtain improved designs of serial
robotic mechanisms given a set of performance specifications. Furthermore,
this analytic formulation can serve as a foundation for the future design and
development of service robots and it will address the issue of how a robotic ma-
nipulator can be configured from a finite set of modular components (referred
to as configuration management).
1.1 Problem Statement
In this work, an analytic framework to manage the actuator param-
eters to obtain an improved serial robotic manipulator arm design based on
a set of desired/required task specifications is laid out. Key to this analytic
process is the mapping of the actuator parameters to their effective values at
the system output2 via the mechanical gains of the actuators as well as the
effective mechanical gains of the manipulator. This forward mapping allows
the designer to determine how each of the actuator parameters influences the
functional capacity of the serial manipulator arm and also allows the designer
to analyze the effects of different actuator parameter distributions (along the
2The system output is the tool-point or end-effector of the manipulator. The actua-
tor parameters are mapped to their effective values at the tool-point because this is the
component of the manipulator that interacts with the environment and allows for direct
comparison of the actuator capabilities and task requirements.
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Table 1.1. Correlation between actuator and system-level
parameters.
Actuator
Parameter
System Parameter
Speed Forceb Eff. Mass Accel. Accuracyc
Gear Ratioa × × × × ×
Speed ×
Torque × ×
Encoder Resolution ×
Stiffness × ×
Efficiencyd × × ×
Mass × × ×
Inertia × × ×
a The gear train reduction ratio (i.e. inverse of mechanical gain) is the
most important actuator parameter because it significantly influences the
distribution of all other parameters.
b The force (and moment) capabilities are affected by the weight, inertia and
torque capacity of the actuators, as well as the gear ratio which amplifies
these quantities to the output. It is also influenced by the stiffness of the
actuators since if the actuators exhibit large deflections for a given force level,
they are susceptible to permanent damage or complete failure.
c The absolute accuracy of the system (position and orientation) is affected
by the resolution of the position sensor as well as the stiffness and lost motion
(backlash) of the actuators.
d The efficiency of the actuator transmission affects the force of the system
directly. It indirectly affects the acceleration and speed through the equations
of motion of the system.
effective length of the manipulator) on the performance capabilities of the sys-
tem. Furthermore, it is demonstrated via design examples that the analytics
developed reduce the effort in the initial phases of the design process and,
therefore, the total design time is reduced.
1.1.1 Scope
The actuator parameters that will be addressed in this work are mo-
tor speed, motor torque, encoder resolution, rotary compliance, transmission
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efficiency, mass, rotary inertia, kinetic energy and gear train reduction ra-
tio. The gear train reduction ratio is the most important parameter that will
be addressed because it amplifies/reduces the other actuator parameters and
has a significant effect on the distribution of the rest of the actuator parame-
ters. Table 7.2 shows the correlation between the actuator parameters and the
system-level performance parameters. That is, Table 7.2 shows which actua-
tor parameters need to be managed to obtain a desired/required performance
capability.
1.1.2 Research Goals
The current research fits in the Robotics Research Groups (RRG) high-
level (long-term) robotic manipulator development objective which can be
summarized as follows: maximize robotic manipulator performance by enhanc-
ing the designer’s role in the design process. To make progress toward this
high-level objective, the specific goals of the present research are to:
• Map the actuator parameters (motor speed, motor torque, transmission
efficiency, rotary stiffness, encoder resolution, mass and rotary inertia)
to their effective values at the system output via the mechanical gains
of the actuator transmissions as well as the effective mechanical gains of
the manipulator.
• Develop a new method of dynamic characterization of serial chain mech-
anisms through the use of kinetic energy partition values and their rates
of change.
• Analyze the effects of different actuator parameter distributions on the
overall performance of the system. Special emphasis is placed on the
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mechanical gain of the actuator transmission.
• Generate design solutions and analyze the trade-offs between the designs
for various application domains ranging from designing for responsive-
ness to designing for Human-Robot Interactions (HRI).
The first goal is the focus of Chapters 3 and 4. In these chapters,
the speed, force, accuracy, effective mass and responsiveness of robotic ma-
nipulators are determined given a set of actuator parameters. The actuator
parameters are mapped to their effective values at the system output via the
mechanical gains of the actuator transmissions as well as the effective me-
chanical gains of the manipulator. These mappings will allow the designer to
quickly (and with minimal computational effort) search the design space for
a solution (it puts the design process directly in the hands of the designer).
The second goal is the focus of Chapter 5 where the kinetic energy partition
values and their rates of change are described in detail. Two design criteria
based on these parameters are developed. The first criteria allows the designer
to determine the degree of dynamic isotropy of the system (i.e. the degree of
inertial coupling) while the second allows the designer to determine the sensi-
tivity of kinetic energy flow within the system.3 The third goal is important
because the mechanical gain of the actuator transmission amplifies/reduces all
the other actuator parameters and, therefore, affects how all the other parame-
ters are distributed within the robotic manipulator. This important goal is the
focus of Case Study I of Chapter 6. The fourth goal is the focus of Chapter 6
where five design case studies are used to illustrate the analytic developments
3Recall that rate of change of kinetic energy is proportional to the inertial torques acting
on the system. Hence, the sensitivity criterion allows the designer to determine the system
parameters such that the design will exhibit minimal kinetic energy flow.
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of Chapters 3-5. In these case studies, design solutions are obtained and the
trade-offs between these solutions are analyzed.
1.1.3 Research Issues
In this work, estimates based on the mechanical gains of the actuators
and manipulator will be developed to determine the effective values of the sys-
tem parameters at the output of the robotic manipulator arm such that the
designer can match task specifications with system performance capabilities.
These estimates will also allow the designer to determine the effects of differ-
ent parameter distributions on the overall functional capacity of the system
and, therefore, allows him/her to develop design rules for these systems. Since
the performance of the system is being estimated, the analyses presented in
this work are intended for the initial stages of design. It should be noted,
however, that these estimates will guarantee a given level of performance and
can be referred to as conservative.4 Once the initial design is selected, fur-
ther refinement analyses can be executed to achieve an optimal design. For
example, at the actuator level the designer can further optimize the motor,
gear train, bearings, etc. while at the system level, the designer can further
optimize the links and structural interfaces. The ultimate goal is to use the
process laid out in this report to work with a given minimum set of actuators
to rapidly design a large population of manipulators at low cost. The analytic
framework developed in this work will save the designer many iterations in the
initial phases of the design process.
4It is planned to extend this work at RRG with the development of a detailed manipulator
design process. See Chapter 7 for further details.
9
1.1.4 Limiting Assumptions
The field of kinematic design - the problem of determining the geo-
metric structure of the mechanism such as link lengths and orientations - is
performed to achieve the goals of improved workspace, dexterity and singular-
ity avoidance, for example. The area of kinematic design has been of interest
for decades and has reached a very mature state (see the works of Gupta and
Roth [1982]; Paden and Sastry [1988]; Gosselin and Angeles [1991]; Park [1991],
for example). In this work, it will be assumed that the kinematic geometry of
the robotic manipulator has been intelligently selected for the task(s) meaning
that the geometry of the system will be considered invariant. Instead, the
focus of this work is in the selection of actuation parameters to satisfy task
requirements.
1.2 Literature Review
Task-based design of robotic manipulator systems can be classified
into two categories: conventional design and modular design [Farritor and
Dubowsky, 2001]. In the conventional design problem, the design variables
are in general continuous meaning that the conventional design space, de-
noted by XC , is infinite. In the modular design problem,
5 however, there are a
finite number of components to choose from to build the system and, therefore,
the design variables take on discrete values implying that the modular design
space, denoted by XM , is finite.
The push at the Robotics Research Group (RRG) has always been to-
ward modularity in robotic systems. To this end, the main impetus has been
5The modular design problem is referred to in this work as configuration management.
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in the development of self-contained, intelligent actuators [Tesar and Butler,
1989; Tesar, 1989; Tesar et al., 1995]. These actuators contain all the active
components of the machine including motors, sensors, transmissions, bear-
ings, brakes, clutches, wiring, buses and standardized interfaces [Tesar, 2007a].
Work has also been pursued to develop guidelines for standardization of these
intelligent actuators to populate machines for diverse application domains with
minimum number of actuators [Vaculik and Tesar, 2008]. In terms of robotic
manipulator design, the RRG has designed the Advanced Lightweight Proto-
type High-performance Arm (ALPHA) which is a high payload to weight ratio
and is a modular and accurate seven-axis manipulator [Marrs and Tesar, 1997]
as well as the Modular Arc-welding Robot for Shipbuilding (MARS) manip-
ulator which is a six-axis, low-cost and lightweight system of actuators, links
and networked actuator controllers [Grupinski and Tesar, 1997]. To comple-
ment the development at the actuator-level, at the system-level the RRG has
developed a set of extensible and reusable software libraries collectively called
Operational Software Components for Advanced Robotics (OSCAR) that are
used to control general robotic manipulator systems and evaluate their perfor-
mance [Kapoor and Tesar, 1998]. OSCAR also incorporates motion planning,
redundancy resolution, obstacle avoidance, etc. of general robot manipula-
tors. The current research fits into the RRG modularity goal by developing an
analytic framework that puts the design process directly in the hands of the
designer by allowing him/her to search the design space intuitively and with
minimal computational effort. Together, the actuator development, software
development and the results of current research provide the designer with a
means to efficiently configure and control a robotic manipulator for a given
task.
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For both conventional and modular design problems, the designer must
be able to evaluate whether a particular design configuration is a “good” or
“bad” candidate to execute the task(s). Hence, metrics to determine the func-
tional capacity of the system that can be used to compare against the task
specifications are needed. In the literature review presented below, emphasis
will be placed on those works that are concerned with the underlying theory
behind robotic manipulator design to achieve optimal dynamic performance.
A more detailed discussion of the issues regarding performance capability es-
timation for serial robotic manipulators is presented in Appendix A. Also in
Appendix A, a review of the literature concerned with the modular design
problem is presented.
1.2.1 Method of Influence Coefficients
In their work, Benedict and Tesar [1971, 1978] use kinematic influence
coefficients to determine the effective values of the system parameters such
as speed, force, inertia and stiffness about any arbitrary point of interest in
the system (such as the input or output of the mechanism). These kinematic
influence coefficients are fundamental quantities of any mechanical system and
they encapsulate the geometric properties of the system and thereby allow
the designer to reduce a very complicated mechanism to a simple one (see
Figure 1.3). The reader should note that there are other works that developed
the first elements of the concepts of kinematic influence coefficients (see, for
example, [Eksergian, 1930-1931; Goodman, 1958; Modrey, 1959; Hall, 1986]),
but Benedict and Tesar [1978] fully developed these coefficients to create a
complete kinematic and dynamic analysis of complex mechanisms [Hall, 1992].
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Figure 1.3. Reduction of a complex one-DOF, 6-bar mech-
anism. Kinematic influence coefficients are used to deter-
mine the effective values of the system parameters with
respect to the parameter ϕ.
Thomas and Tesar [1982] developed a non-recursive formulation of the
controlling equations of motion for a general N-DOF serial robotic manipu-
lator system based on kinematic influence coefficients. The use of kinematic
influence coefficients allowed the authors to reduce the dynamic parameters of
the robotic manipulator to their effective values about the generalized inputs.
Unlike recursive formulations, the kinematic influence coefficient formulation
is compact and very useful for design because it keeps the kinematic states
(velocity and acceleration) separated from the system design parameters such
as the geometric and inertial parameters. Kinematic influence coefficients can
be applied to any open or closed loop mechanical system [Freeman and Tesar,
1988] and they have have also been used to model the compliance of serial
manipulators [Fresonke et al., 1988].
This work will closely follow the kinematic influence coefficient method-
ology developed by these authors. Specifically, the effective values of the sys-
tem parameters about the output of the mechanism will be determined based
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on the effective values of the kinematic influence coefficients of the system (see
Chapter 2 for further detail).
1.2.2 Performance Capability Estimation
In the literature, there are many publications concerned with the de-
sign of serial robotic manipulator arms. Some are concerned with the details of
one-off designs while others are concerned with the underlying theory behind
robotic manipulator design to achieve optimal dynamic performance [Thomas
and Tesar, 1982; Asada, 1983; Thomas et al., 1985a; Yoshikawa, 1991; Bowling
and Khatib, 2005; Hill and Tesar, 1997]. There are also works that address the
need to understand the trade-offs between the actuator parameters and the
resulting manipulator performance [Matone and Roth, 1998; Kovecses et al.,
2001]. Matone and Roth [1998] investigated how the locations of the actuator
transmissions affect the dynamic transmissibility6 of serial chain mechanisms.
Kovecses et al. [2001] demonstrated that an increase in the actuator reduction
ratios does not correspond to increased system responsiveness (as one would
expect since the actuator torque increases) but could in fact cause the respon-
siveness to decrease due to the amplification of the actuator’s rotary inertia.
As mentioned before, the works of Matone and Roth [1998] and Kovecses et al.
[2001] address the very important issue of understanding the trade-offs between
the actuator parameters and the resulting manipulator performance but they
are limited to only addressing the dynamic transmissibility of these systems.
A goal of this work is to further investigate the trade-offs of other actuator
6In the literature, dynamic transmissibility is referred to as dynamic manipulability. In
this work, however, the term dynamic transmissibility is preferred because it more clearly
expresses to the reader that this criterion transmits the system parameters to the output.
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parameters on the system performance. For example, how does actuator gain
influence the accuracy, kinetic energy distribution and so on.
Asada [1983] introduced the Generalized Inertia Ellipsoid (GIE) as a
means of measuring the capability of a robotic manipulator to change the
velocity of it’s end-effector in different directions for a fixed kinetic energy.
Yoshikawa [1985] introduced the Dynamic Manipulability Ellipsoid (DME) as
a way of measuring the ease of changing the configuration of the end-effector by
means of the available joint torques. Both the GIE and DME are based on the
relationship between the generalized inertia force of the end-effector and the
generalized inertia torques supplied by the joints; that is, these measures are
used to determine how well the actuator’s inertial and torque parameters are
transmitted to the end-effector or tool-point via the geometry of the system).
Graettinger and Krogh [1988] introduced a performance measure called the
acceleration radius which for a given bounds on the joint torques, the acceler-
ation radius defines the minimum upper bound of the magnitude (i.e. isotropic
acceleration value) of end-effector acceleration over the workspace. Ma and
Angeles [1990] introduced yet another method to characterize the dynamic per-
formance of robotic manipulators - the concept of dynamic isotropy. Dynamic
isotropy is achieved when the generalized inertia matrix of robotic manipu-
lator is completely decoupled (mathematically, this means that the matrix is
diagonal) and has several advantages including simplified state-space repre-
sentation, decoupled inertia torques and weak joint coupling [Ma and Angeles,
1993]. See also the work of Youcef-Toumi and Asada [1985]. Hence, to achieve
better dynamic performance especially for high speed and high-precision ma-
nipulation tasks, dynamic isotropy is essential. In the present work, a new
criterion to characterize the degree of dynamic isotropy of a serial chain mech-
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anism is presented (see Chapter 5 for further details). This criterion is based
on the critical values of kinetic energy ratios. Furthermore, this criterion is
used in the design of a six-DOF mechanism to achieve dynamic isotropy while
investigating the trade-offs between the system’s degree of dynamic isotropy
and it’s effective mass (see the design case study 5 presented in Chapter 6).
Thomas et al. [1985a] were the first to investigate the load capacity
of a robotic manipulator by finding the maximum tool-point load that can
be applied for a given robot position without exceeding the actuator torque
limits. A major result of this work was that the limiting joint information
was obtained. The limiting joint is the actuator whose performance limits
the overall capabilities of the manipulator. This formulation can be used as a
design tool by iteratively varying the actuator torque capacities until a desired
load capacity is obtained from the manipulator.
Thomas et al. [1985b] developed an optimization scheme for the com-
pliance distribution for a six-DOF, all revolute, serial robotic manipulator. In
this work, the required compliance values for each actuator were determined
such that a maximum tool-point deflection is satisfied given a known tool-
point load state. The problem of finding the optimal compliance distribution
for an unknown load is also addressed by this work. In this situation, the
maximum joint compliance magnitude is computed such that the tool-point
deflection produced by any applied load less than the maximum allowable
tool-point load will be less than the maximum allowable tool-point deflection.
Evaluating the joint compliance magnitude over the workspace and determin-
ing the minimum compliance (or conversely the maximum stiffness) informs
the designer how compliant each joint should be to maintain a desired level of
tool-point accuracy in all directions. This work demonstrated the complexity
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of and need for robotic manipulator compliance design.
Bowling and Khatib [1995, 2005] developed an optimization scheme
that could be used to optimize the inertial and acceleration properties of a
robotic manipulator given some desired tool-point characteristics. The basis
of this work was the ellipsoid expansion method wherein the performance lim-
its of the actuators are used to determine the maximum isotropic tool-point
performance of a robotic manipulator. The ellipsoid expansion method was de-
rived from the work of Thomas et al. [1985a] with the proper decomposition to
address the issue of inconsistent units between the translational and rotational
task-space components. Since the ellipsoid expansion method yields isotropic
tool-point performance and, therefore, leads to a conservative estimate of the
tool-point performance in certain task-space directions, Pholsiri [2004] devel-
oped the vector expansion method which is similar to the ellipsoid expansion
method except that performance is evaluated in a specific task-space direction.
In this work, performance bounds that are similar to the isotropic performance
of Bowling and Khatib [1995] are developed. That is, the manipulator will be
able to achieve the performance dictated by the performance bound or better.
These performance bounds are easy to compute and they allow the designer
to determine how each system parameter influences the functional capacity of
the system.
Farritor et al. [1996] and Farritor and Dubowsky [2001] provide a means
to solve the task-oriented optimal configuration problem which is equivalent
to the configuration management problem (i.e. determine a robot configura-
tion from a set of modules to successfully execute a given task) via a genetic
algorithm to search the design space. These authors implement a hierarchi-
cal selection process wherein they eliminate portions of the design space that
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lead to infeasible solutions. This filtering process is similar to the method of
sequential filtering where a set of physically meaningful filters is applied to
reduce the design space [Eschenback and Tesar, 1969; Rios et al., 2007]. Un-
like the approach of Farritor et al. [1996], in the present work we make use
of the geometric structure of serial chain mechanisms to determine how the
internal actuator parameters influence the overall performance of the system
(i.e. determine effective values at system output) and, therefore, allows us to
match the necessary actuation parameters to meet the desired/required task
specifications.
The works discussed above present formulations that are intended for
use with an optimization algorithm where many iterations are required to de-
termine an adequate solution. A goal of this work is to determine the effective
values of the actuator parameters at the system output to make it clear to
the designer how each of the system parameters affects the performance of
the system. The effective values allow the designer to determine how differ-
ent mechanical parameter distributions affect the overall performance of the
system.
1.2.3 Distribution of Mechanical Parameters
Hill and Tesar [1997] developed position, velocity and acceleration norms
based on recursive kinematics and dynamics formulations to determine the re-
quired distribution of mechanical parameters such as mass, accuracy and load
capacity given a set of task requirements. Since the norms are dependent on
the kinematic state of the robotic manipulator, several iterations are required
to evaluate these norms.
As aforementioned, in the present work the non-recursive kinematic and
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dynamic formulations based on the method of kinematic influence coefficients
developed for planar systems by Benedict and Tesar [1978] and for spatial
systems by Thomas and Tesar [1982] will be implemented. This allows for the
complete separation of the system parameters from the kinematic states of
the system allowing us to determine the effective values of the parameters at
the system output via the kinematic influence coefficients of the system. Like
the methods described above, the method developed in the present work will
also allow the designer to match the system parameters with the given task
specifications.
1.3 Contributions
The following is a list of the specific contributions that will be made in
this work:
• Introduce a method of mapping the actuator parameters to their effective
values at system output via mechanical gains of actuator transmission
as well as effective mechanical gains associated with the manipulator
geometry.
– Actuator parameters include motor speed, motor torque, transmis-
sion efficiency, rotary compliance, encoder resolution, actuator mass
and rotary inertia.
– This forward mapping allows the designer to determine how each
of the actuator parameters influences the functional capacity of the
serial manipulator arm without the need to evaluate complex per-
formance metrics. This mapping puts the design process in the
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hands of the designer by allowing him/her to easily explore the
design space.
– The analytic framework is shown to be effective in addressing the
issue of configuration management where the goal is to assemble
a system from a finite set of components that meets some desired
performance specifications.
• Analyze the effects of parameter distributions on the functional capacity
(and, therefore, the application domain) of the system.
– Non-recursive method of kinematic influence coefficients allows for
the decoupling of the actuator parameters from the kinematic state
of the system.
– Leads to more intuitive method of analyzing parameter distribu-
tions for the designer.
– The distribution of the dominant transmission gain parameter and
the effects it had on the rest of the parameters is invesitaged.
• Introduce a novel new method of addressing the kinetic energy distribu-
tion within the system.
– A set of parameters called the Kinetic Energy Partition Values
(KEPV) are introduced. These parameters arise from the kinetic
energy ratios of the system and they indicate how kinetic energy is
distributed within the system.
– The KEPVs are used to develop a performance criterion which al-
lows the designer to characterize the degree of dynamic isotropy (or
inertial coupling) in the system.
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– The rates of change of the KEPVs (with respect to the position of
the mechanism) are also determined. These parameters indicate the
magnitude and direction of kinetic energy flow within the system.
Note that kinetic energy flow is an indicator of the inertial torques
acting on the system.
– A performance criterion based on the KEPV rates of change is
developed which allows the designer to characterize the sensitivity
of kinetic energy flow.
• Implement the analytic formulations developed in this research to investi-
gate the design trade-offs between different conflicting design objectives.
– Analysis of trade-offs includes: force vs. speed, force vs. weight,
accuracy vs. effective mass, effective mass vs. stiffness, force vs.
transmission gain, effective mass vs. transmission gain, responsive-
ness vs. transmission gain, and dynamic isotropy vs. effective mass.
– The analysis of the design trade-offs allows for the determination
of design guidelines for different application domains.
1.4 Document Outline
The rest of this document is divided as follows. In Chapter 2, an
overview of the analytic framework developed in this work is presented. The
major aspect of this framework is the estimation of the effective values of actu-
ator parameters at the system output. In Chapter 3, analytic formulations for
the tool-point speed, force, transmission efficiency and accuracy are developed
based on given task requirements while in Chapter 4 the analytic formula-
tions for the effective mass and responsiveness are presented. The designer
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can use the analytic tools developed in Chapters 3 and 4 to determine the
effective values of the system parameters at the system output which allows
him/her to match the robotic manipulator performance capabilities to the re-
quired/desired task specifications. The analytic formulations make use of the
mechanical gains of the actuators and effective mechanical gains of the manipu-
lator to estimate the effective values of the system parameters at the tool-point
(end-effector) of the manipulator. In Chapter 5, analytic descriptions of the
kinetic energy partition values and their rates of change are presented. These
partition values are the critical values of the kinetic energy ratios and they are
used to investigate the degree of inertial coupling in the system (i.e. degree
of dynamic isotropy). In Chapter 6, five design case studies will be presented.
These case studies address: (1) the effects of different actuator transmission
gain distributions on the performance capabilities of serial manipulators; (2)
the solution of a configuration management problem (modular design); (3) the
investigation of design trade-offs for human-robot interactions; (4) designing
for responsiveness; and (5) analysis of the inertial parameter distributions to
obtain dynamic isotropy. The case studies will allow us to establish design
rules for these complex systems for various application domains. Chapter 7 is
left for conclusions and recommendations for future work. In Appendix A, an
overview of the literature concerning the details of robotic manipulator design
including performance capability estimation is presented.
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Chapter 2
Overview of Analytic Framework
In this chapter, the analytic framework of this work is described. The
effective values of the system parameters about the output will be estimated
via the mechanical gain functions of the actuators as well as the effective
mechanical gain functions of the manipulator. The reader should note that
a first-order kinematic influence coefficient is equivalent to the notion of a
mechanical gain function (or g-function) [Benedict and Tesar, 1978; Thomas
and Tesar, 1982]. Hence, a first-order kinematic influence coefficient, which
relates input velocities to output velocities, is referred to as a g-function or
the velocity gain of the input velocity to the output. The transformation of
the other system parameters to the output (torque, accuracy, mass, etc.) are
also achieved by the g-function. In the sections below, the system g-functions
as well as the effective tool-point parameter estimation are described.
2.1 Description of System Gain Functions
In any mechanical system, the mechanical gain is important as it am-
plifies/reduces the input parameters to the system output. In an actuator, for
example, the mechanical gain is the inverse of the gear train reduction ratio
and it reduces the motor speed to an adequate operating condition, ampli-
fies the motor torque, amplifies the stiffness of the rotor, etc. In an N-DOF
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Figure 2.1. Transformations the motor parameters undergo
to be represented at the manipulator’s task space.
manipulator, the mechanical gains are functions of the link lengths as well as
the joint position of the robot and they transform the joint space parameters
such as joint speed and torque to the task space (i.e. output space). Hence,
a robotic manipulator comprised of actuators has two types of gain functions
to transform the system parameters - the actuator and manipulator gains (see
Figure 2.1). Let g¯a be the set of all actuator g-functions and g¯m the set of all
manipulator g-functions. Then the total g-function of the system is
g¯T = g¯a × g¯m. (2.1)
This product of the g-functions is a very important concept that is present in
all the parameter transformations presented in Chapters 3 and 4.
2.1.1 Actuator Gain Functions
The actuators considered in this work are one-DOF and they are equipped
with a gear train existing in a purely rotary domain where the g-function is
found to be the constant ratio of the output transmission speed (joint speed)
to the input transmission speed (motor speed) and, therefore, it is a dimen-
sionless scalar quantity. Note that the the g-function is simply the inverse of
the gear train reduction ratio. For example, if the gear train has a reduction
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Table 2.1. Effective actuator output properties for high
gear train reduction ratio (i.e. g¯  1) [Benedict and Tesar,
1978].
Input
Parameter
Relation Effective Output Property
Inertia
IM
I∗ =
IM
g¯2
• Increased inertial content of actuator with po-
tential for high impact loads.
• Leads to a slower and less responsive system.
Speed
ωM
ω∗ = g¯ωM • Decreased speed capacity of actuator.• Leads to a slower system.
Torque
τM
τ∗ =
τM
g¯
• Increased torque capacity of actuator.
• Leads a system with higher load capacity and
responsiveness.
Stiffness
KM
K∗ =
KM
g¯2
• Increased stiffness of actuator.
• Leads to a more accurate system that can han-
dle a higher load capacity.
Damping
ζM
ζ∗ =
ζM
g¯2
• Increased damping of actuator.
• Leads to non-linear system behavior with
lower resolution, speed and responsiveness.
of 100:1, then g¯ = (100)−1 = 0.01. Note that the value of the gear train reduc-
tion ratio is the mechanical advantage of the actuator which is defined as the
ratio of output force to input force or equivalently by duality the ratio of the
input speed to the output speed. The definition of mechanical advantage is
the inverse of the definition of mechanical gain (ratio of input force to output
force or equivalently ratio of output speed to input speed).
For speed reducers like gear trains the value of the g-function is bounded
between 0 and 1. That is, g¯ ∈ (0, 1] where g¯ = 0 represents infinite gain which
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is physically impossible to achieve in a geared actuator design due to material
stress limits and g¯ = 1 corresponds to a direct-drive actuator (the motor drives
the joint directly). Note that gear trains with a 5000:1 input/output ratio (i.e.
g¯ = 2× 10−4) are achievable.
Table 2.1 shows the transformation the input parameters (i.e. motor
parameters) undergo to be represented at the output of the actuator (joint
space). A description of the effective output properties given a high reduction
ratio (i.e. g¯  1) is also provided. For example, a high reduction ratio leads
to increased accuracy of the system since any positional error due to the low
stiffness of the rotor is reduced at the output. The observations made for
the 1-DOF actuator apply to an N-DOF manipulator, although the analytic
transformations to represent the parameters in task space are more complex.
2.1.2 Effective Manipulator Gain Functions
The manipulator is an N-DOF system (where N is typically six or higher
and is equal to the number of actuated joints) that can both translate and ro-
tate its end-effector (six directions total). The actuators considered in this
work are equipped with transmissions that have a constant g-function describ-
ing its input-output relationship while the g-function of a robotic manipulator
varies over its workspace (i.e. it is position dependent).
The g-function of a manipulator relating the joint space (input space)
and task space (output space) is a matrix-valued function also known as the
Jacobian matrix. This matrix can be decomposed into it’s translational and
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Figure 2.2. Description of serial robotic manipulator ge-
ometry.
rotational components as follows:
J (ϕ) =
 JT (ϕ)−−−−
JR (ϕ)
 (2.2)
where J ∈ <6×N and JT , JR ∈ <3×N and ϕ ∈ <N is the joint position. Assum-
ing that the system is comprised of only rotary joints, an element of JT has
units of length while an element of JR is unit-less. Hence, to avoid issues with
inconsistent units, the Jacobian matrix is decomposed into its translational
and rotational components as in Eq. 2.2 [Lipkin and Duffy, 1988; Yoshikawa,
1991; Doty et al., 1995].
Column i of the translational Jacobian, denoted by (JT )i ∈ <3, is
determined as follows [Thomas and Tesar, 1982]:
(JT )i = si × (P − pi) (2.3)
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where si ∈ <3 is a unit vector pointing along the axis of motion of joint i
(i.e. points along zi as shown in Figure 7.2(a)), pi ∈ <3 is a vector locating
the origin of the ith local frame attached to joint i and, finally P ∈ <3 is the
vector locating the tool point (with respect to the base frame). This means
that (P − pi) is the vector from the origin of the local DH frame attached to
joint i to the tool-point of the manipulator. For this reason, Li = ‖(JT )i‖2
where ‖·‖2 denotes the standard Euclidean or distance norm, is referred to as
the effective distance from joint i to the tool-point and is representative of the
mechanical gain between joint i and the tool-point. For planar manipulators,
the vector si is always perpendicular to the plane in which the system’s output
motion is constrained (i.e. si is always perpendicular to (P − pi) for all ϕ).
This means that Li for planar manipulators is exactly the distance from joint
i to the tool-point.
2.1.3 Product of Gain Functions
As described above, the product of the actuator gain functions g¯a and
manipulator gain functions g¯m (that is, g¯T = g¯a× g¯m) is an important concept
for this work. This product represents the complete geometric transformation
the internal actuator parameters such as the motor speed and torque undergo
to be represented at the output of the system. Consider the geometric rela-
tionship between the motor speeds ωM ∈ <N and the translational velocity of
the tool-point xT ∈ <3; that is,
x˙T = JT G¯ω
M (2.4)
where JT ∈ <3×N is the translational component of the Jacobian matrix and
G¯ = diag (g¯1, ..., g¯N) ∈ <N×N is a diagonal matrix containing the actuator
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gain functions. In this situation, the matrix product of gain functions JT G¯
represents the complete geometric transformation the motor speeds undergo to
be represented at the system output. Consider next the geometric relationship
between the motor torques τM ∈ <N and the translational force of the tool-
point fT ∈ <3; that is,
τM = G¯JTT fT . (2.5)
Note again the matrix product of gain functions.
To summarize, the product of the actuator and manipulator gain func-
tions is a very important concept to this work as this product represents the
complete geometric transformation of the internal actuator parameters to the
output of the system. This geometric transformation will allow the designer
to map the actuator parameters to the output where he/she can match the
actuator parameters to the desired/required task specifications. This will be
discussed in further detail in Chapters 3 and 4.
2.2 Effective Parameter Estimation
The effective manipulator gains and the mechanical gains of the actu-
ator transmissions described above are used to determine bounds on the sys-
tem’s overall performance. The transformation (or mapping) of motor torque
τM to it’s effective value at the tool-point will be used to illustrate determina-
tion of the performance bounds. Before the performance bound is discussed,
two inequalities that are fundamental to many engineering applications are
discussed.
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2.2.1 Triangle and Cauchy-Schwarz Inequalities
Two inequalities will be used to obtain the bounds on the manipulator’s
performance - the Triangle and Cauchy-Schwarz Inequalities. The Triangle
Inequality is as follows [Gordon, 2002; Strang, 1988]: Given three vectors
a, b, c ∈ <n such that c = a + b, then ‖c‖ ≤ ‖a‖ + ‖b‖ where ‖·‖ denotes
any vector norm such as the standard Euclidean distance norm. The Cauchy-
Schwarz Inequality, on the other hand, is a follows [Gordon, 2002; Strang,
1988]: Given two vectors a, b ∈ <n, then ∣∣aT b∣∣ ≤ ‖a‖ · ‖b‖. The Cauchy-
Schwarz inequality states that the magnitude of the inner product of two
vectors is less than the multiplication of their “normed” quantities. Equality
in both inequalities is achieved if the the vector a is a multiple of b (i.e. b = ηa
where η is a non-zero scalar, η 6= 0).
2.2.2 Estimation of Force Capability
The joint torques τ ∈ <N due to an end-effector force, denoted by
f ∈ <3, is given by [Thomas and Tesar, 1982]
JTT f = τ (2.6)
which can be rewritten as 
(JT )
T
1 f
...
(JT )
T
N f
 =

τ1
...
τN
 . (2.7)
Noting that for each joint i we have τi = g¯
−1
i τ
M
i where τ
M
i is the motor torque
(see Table 2.1) and letting f = ftˆtˆ where ftˆ is the magnitude of the force the
manipulator can apply/withstand along the unit direction tˆ, then from Eq. 2.7
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for each joint i we have
ftˆ (JT )
T
i tˆ =
τMi
g¯i
. (2.8)
Taking the Euclidean norm and applying the Cauchy-Schwarz Inequality yields
ftˆ ≥
τMi
g¯iLi
(2.9)
where each fi = τ
M
i (g¯iLi)
−1 represents the effective value of motor torque
at the system output and it should be noted that this relationship should be
satisfied for all joints. The force capability is determined by the “weakest”
motor or the motor whose effective torque value about the system output is
the smallest and will, therefore, limit the force capability of the manipulator.
The goal of the designer is to select a distribution of parameters g¯i and
τMi for all i to achieve the required task force or higher; that is,
ftˆ ≥
τMi
g¯iLi
≥ f tasktˆ (2.10)
which as aforementioned should be satisfied for all joints. Given particu-
lar values of g¯i and τ
M
i for all i, the lower bound on the manipulator force
τMi (g¯iLi)
−1 can be evaluated for all i and compared to the task force f task
tˆ
.
If τMi (g¯iLi)
−1 ≥ f task
tˆ
, then the manipulator force ftˆ will be greater than the
required task force meaning that the choice of g¯i and τ
M
i satisfies the problem
of Eq. 2.10. For this reason, we say that τMi (g¯iLi)
−1 provides a rule by which
the designer can easily and with physical intuition obtain a solution to the
problem of Eq. 2.10. From Eq. 2.10, it can be deduced that the torque of the
actuators can decrease from base to wrist to best control/influence the output
force level of the manipulator. That is, shoulder actuators require high torque
(due to their larger Li) and the wrist actuators can have lower torque (due to
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their smaller Li).
This example demonstrates how the system parameters are transformed
to their effective values at the output via the actuator g-functions g¯i and the
effective manipulator g-functions Li. In Chapter 3, the transformations for
motor speed, motor torque, transmission efficiency, encoder resolution and
rotary stiffness will be presented. Motor torque, encoder resolution and rotary
stiffness undergo very similar transformations as the motor torque presented
above. The transformations of mass, rotary inertia and responsiveness are
described in Chapter 4.
2.2.3 Comparison to Other Performance Measures
In Eq. 2.8, the task-space direction tˆ is eliminated by making use of the
Cauchy-Schwarz Inequality and, therefore, a lower bound of the system’s force
over all possible task-space directions is obtained. That is, the manipulator
can achieve that force or better over all task-space directions. In this section,
a comparison between performance bound estimation using the effective ma-
nipulator gains and the vector and ellipsoid expansion methods available in
the literature are presented. These methods are used to compare against the
performance bounds developed in this work because they incorporate many
issues involving robotic manipulator performance capability estimation such
as inconsistency of units, decomposition of task-space into translational and
rotational components, use of ellipsoids, etc. The interested reader is referred
to Appendix A for further details of these methods.
Let ftˆ ∈ < be the translational tool-point force achievable by the manip-
ulator in the task-space direction tˆ ∈ T , where T ⊂ <3 denotes the task-space
of the manipulator. The vector expansion method computes this tool-point
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Figure 2.3. Task-space force polytope for six-DOF manip-
ulator generated via vector expansion method.
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Figure 2.4. Comparison of task-space force polytope
(dashed) and isotropic tool-point force (solid).
force in a particular task-space direction from the system parameters (i.e. mo-
tor torque, transmission gain and manipulator gain) [Pholsiri, 2004]. If force
is computed using the vector expansion method for all task-space directions,
then a polytope as shown in Figure 2.3 is obtained. This polytope was com-
puted for the six-DOF Puma-type manipulator described in Chapter 6, Section
2 and assuming all the actuators had a motor torque of τM = 0.447Nm and
reduction ratio of G¯ = g¯−1 = 51 : 1. This polytope demonstrates how the
manipulator can apply different tool-point forces depending on the task-space
direction. The ellipsoid expansion method, on the other hand, computes the
33
isotropic tool-point performance the manipulator can achieve in all task-space
directions [Bowling and Khatib, 1995; Bowling, 1998]. That is, it computes
the minimum performance the manipulator can achieve in all task-space di-
rections:
f iso =min
tˆ∈T
ftˆ (2.11)
where f iso ∈ < is the isotropic force. For the six-DOF manipulator described
above, the isotropic force is f iso = 38N . Figure 2.4 shows the difference be-
tween the vector and ellipsoid expansion methods. As suggested in this figure,
the ellipsoid expansion method computes the minimum tool-point performance
that is achievable in all task-space direction meaning that the manipulator can
achieve that performance or better.
In this work, bounds on the robotic manipulator’s performance over all
task-space directions are determined (see, for example, the bound on the tool-
point force of the manipulator provided in Eq. 2.9). That is, the robotic manip-
ulator can achieve that performance or better which is similar to the isotropic
performance computed by the ellipsoid expansion method. For the six-DOF
manipulator described above, the force bound of Eq. 2.9 is 38N which is the
same as the isotropic force computed using the ellipsoid expansion method.
The ellipsoid expansion method, however, involves complex transformations
requiring the use of pseudo-inverses of matrices, minimizing functions, etc.
which clouds the influence of the system parameters making it unintuitive for
the designer. The performance bounds developed in this work, on the other
hand, implement simple transformations involving the mechanical gains of the
actuator transmissions and the effective mechanical gains associated with the
manipulator geometry. This makes the design process intuitive to the designer
because he/she can easily determine the impact or influence of each of the sys-
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tem parameters on the overall performance of the robotic manipulator via the
mechanical gains of the system. In addition, these performance bounds allow
the designer to easily search the design space. Chapter 6 presents several de-
sign case studies implementing the performance bounds developed in Chapters
3 and 4.
2.3 Developing Design Rules
As described above, the parameter transformations are used to deter-
mine the effective values of the system parameters about the output of the
system. These transformations can be used to design systems for various
application domains. Design rules can be developed also be developed. To
illustrate this, the transformation of motor torque described above will be
used to analyze the effects of various actuator gain distributions on the force
capability of the system.
Suppose that the goal of the designer is to determine the values of the
actuator g-functions, G¯ = {g¯i | i = 1, ..., N}, to meet a required task force,
f task, or better. Assume that the manipulator g-functions, L¯ = {Li | i =
1, ..., N}, are constant (i.e. manipulator geometry is fixed) and the rated motor
torques, T¯M = {τMi | i = 1, ..., N}, are also constant. This design problem is
summarized in Table 2.2. There are many possible distribution sets G¯ to satisfy
the required task speed, but some of these distributions are not beneficial to the
overall design. For example, recall that the Li corresponding to the shoulder
actuators is large meaning that to best control/influence the force capability
of the manipulator the shoulder actuators should exhibit higher joint torques
than wrist actuators (relative to a required task speed).
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Table 2.2. Design problem to determine actuator gains to
meet a required task force or better.
Objective: Meet task force or better: f task
tˆ
≤ τ
M
i
g¯iLi
.
Design Variables: Vary actuator gains, G¯ = {g¯i | i = 1, ..., N}.
Constraints:
Fixed manipulator gains, L¯ = {Li | i = 1, ..., N}; Fixed
maximum rated motor torques, T¯M = {τMi | i = 1, ..., N}.
The goal of the design problem is to assign a value to each g¯i based on
the actuator’s location in the serial chain Li. This implies that the designer
wishes to govern the value of g¯i by the existing knowledge of Li. Consider the
following nonlinear distribution
g¯−1i = κL
p
i (2.12)
where p ∈ {0, 1, 2, 3} and κ is a positive proportionality constant. Substituting
this relationship into Eq. 3.11 yields:
f tasktˆ ≤ κτMi Lp−1i . (2.13)
When p = 0 (i.e. constant gain distribution) the mechanical gains all have the
same value, that is g¯i = κ for all i, and the parameter transformation becomes:
u˙tˆ ≤
N∑
i=1
κτMi
Li
. (2.14)
As can be seen from Eq. 2.14, for a constant gain distribution the mechani-
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Table 2.3. Resulting manipulator properties for four p-
distributions of the actuator gain functions.
Distribution Relationship Resulting System Properties
Constant
p = 0 ftˆ ≥ κτ
M
i L
−1
i
• Manipulator gains dominate actuator
gains.
• Very low force system achieved since mo-
tor torques are not amplified by mechanical
gains of actuators.
• High torque motors required at shoulder
joints due to their large values of Li.
• Direct-drive manipulator special case of
this distribution with κ = 1.
Linear
p = 1 ftˆ ≥ κτ
M
i
• Actuator gains cancel manipulator gains
meaning each motor has equal influence on
system force.
• Force of system is proportional to motor
torques.
Quadratic
p = 2 ftˆ ≥ κτ
M
i Li
• Actuator gains begin to dominate manipu-
lator gains.
• Produces medium force system since ma-
nipulator gains amplify motor torques.
Cubic
p = 3 ftˆ ≥ κτ
M
i L
2
i
• Actuator gains completely dominate ma-
nipulator gains.
• Produces high force system.
cal gains of the manipulator dominate the mechanical gains of the actuators
meaning that the manipulator has low force (since the motor torques are not
amplified by the mechanical gains of the actuator transmissions). A direct-
drive manipulator, a manipulator whose motors drive the joints directly with
a 1:1 transmission as proposed by Asada and Kanade [1983], is a special case
of this type of distribution with κ = 1. Further details of the direct-drive
manipulator are presented in Chapter 6, Section 1.
The resulting system properties for the four p-distributions of the ac-
tuator gains are given in Table 2.3. As can be seen, the manipulator gains
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Li dominate for small values of p meaning that a low force manipulator re-
sults since the motor torques are reduced by the manipulator gains Li. For
larger values of p, on the other hand, the actuator gains g¯i dominate meaning
that the motor torques are amplified by the manipulator gains producing a
relatively high force manipulator but one with low speed capacity. Note that
as mentioned in Table 2.2, the rated motor torques T¯M are held constant.
Hence, in the observations made for this example the “high” and “low” force
manipulators are relative to the same motor torques.
The simple example presented above illustrates how the distribution of
the actuator gain parameters can greatly affect the overall performance and,
therefore, the application domain of the system. In Chapter 6, Section 1, the
effects of the actuator gain distribution are investigated for the speed and accu-
racy of the system. Other design case studies for different application domains
are presented in Chapter 6 including designing for human-robot interactions
(HRI) and designing for responsiveness. Design rules are developed for each
of these application domains.
2.4 Concluding Remarks
The transformations developed in this work have three major purposes.
First, they validate the physical intuition of designer’s experience gathered
through years of practice.1 Second, as mentioned above, the transformations
can be used to easily determine (via simple calculations) how each of the sys-
tem parameters affects the overall functional capacity of the system implying
1For example, a well-established rule is that weight of the components should decrease
along the chain to reduce the loading on the preceding components. This rule is validated
via the transformations presented in this work.
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that the designer can generate a design quickly with minimal effort. Many
fields can benefit from this approach; for example, the use of robotics for open
architecture human rehabilitation systems that can be assembled on demand
by the medical clinician. Third, they allow the designer to investigate the
effects of different system parameter distributions and allow us to establish
design rules for different application domains. As will be shown in Chapter 6,
the analytic framework can be applied in the design of robotic manipulators
intended for distinct application domains. Design rules for the various appli-
cation domains will be developed for these systems not based on intuition and
experience, but rather a formal analytic framework.
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Chapter 3
Speed, Force and Accuracy Estimation
In this section, analytic formulations for the end-effector speed, force
and accuracy are developed based on given task requirements. That is, given a
set of requirements to accomplish a task (minimum force capability, maximum
allowable error, etc.), the designer can use these analytic tools to determine
the required actuator parameters for manipulators intended for distinct appli-
cation domains. The reader should note that the word “estimation” is used to
describe the performance capabilities because bounds on the manipulator per-
formance are developed. These bounds provide a concise method of searching
the design space for solutions satisfying the design problem at hand which is to
determine a design such that it meets (or exceeds) the given task requirements.
This will be addressed in more detail in the following sections.
3.1 Speed Capability Estimation
The translational component of the end-effector speed, denoted by u˙ ∈
<3, is given by Thomas and Tesar [1982]
u˙ = JT ϕ˙ (3.1)
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where JT ∈ <3×N is the translational component of the manipulator Jacobian
matrix, ϕ˙ ∈ <N are the joint speeds and N equals the system degrees-of-
freedom (DOF). Note that for each joint i we have ϕ˙i = g¯iω
M
i where g¯i ∈ < is
the mechanical gain function (or g-function) of the actuator’s transmission and
ωMi ∈ < is the motor speed. Letting u˙ = u˙tˆtˆ where u˙tˆ ∈ < is the magnitude
of the velocity achievable by the manipulator along the unit direction tˆ ∈ <3,
and substituting these relationships into Eq. 3.1 yields
u˙tˆtˆ =
N∑
i=1
g¯iω
M
i (JT )i (3.2)
where (JT )i ∈ <3 is the ith column of the translational component of the
Jacobian matrix and each of the u˙i = g¯iω
M
i (JT )i terms represents the effective
value of the motor speed at the tool-point. That is, u˙i ∈ <3 represents the
contribution of motor i to the total speed of the end-effector. Taking the
Euclidean norm of both sides of this equation and squaring yields
u˙2tˆ =
N∑
i=1
N∑
j=1
g¯ig¯jω
M
i ω
M
j (JT )
T
i (JT )j (3.3)
which generates an ellipsoid in task-space (see the work of Yoshikawa [1991] for
further details). Applying the Triangle Inequality to Eq. 3.2 yields an upper
bound of the manipulator speed:
u˙tˆ ≤
N∑
i=1
g¯iω
M
i Li (3.4)
where Li = ‖(JT )i‖2 corresponds to the effective distance from actuator i
to the end-effector or tool-point. These Li are equivalent to the mechanical
gains between the input parameter ϕ˙i (velocity of joint i) and the output
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velocity u˙tˆ of the manipulator. The collection of all Li will be termed the
effective manipulator g-functions. Note that the value of each Li depends on
the joint position of the manipulator and varies over the workspace. Hence Li
is higher for shoulder actuators than it is for wrist actuators on average over
the workspace.
As shown by Eq. 3.4, the effective values of the motor speeds at the
tool-point sum to obtain the total speed of the system. The right-hand side
of Eq. 3.4 can be written in matrix form as follows:
G¯TΩM L¯ =
[
g¯1 · · · g¯N
]
ωM1 · · · 0
...
. . .
...
0 · · · ωMN


L1
...
LN
 (3.5)
where G¯ ∈ <N contains the actuator g-functions, L¯ ∈ <N contains the effective
mechanical gains of the manipulator and ΩM ∈ <N×N contains the motor
speeds. This compact relationship demonstrates the geometric transformation
(bilinear transformation) that the motor speeds undergo via the actuator and
manipulator g-functions to be represented at the system output.
The goal of the designer is to select a distribution of parameters to
achieve a desired task speed or higher. That is, select the values of g¯i and ω
M
i
for all i such that
u˙tasktˆ ≤ u˙tˆ ≤ G¯TΩM L¯. (3.6)
Given particular values of g¯i and ω
M
i for all i, the upper bound G¯
TΩM L¯ is easily
determined via a simple calculation and compared to the task speed u˙task
tˆ
. If
G¯TΩM L¯ ≤ u˙task
tˆ
, then the manipulator cannot achieve the required task so the
choice of g¯i and ω
M
i is inadequate. If, on the other hand, u˙
task
tˆ
≤ G¯TΩM L¯,
then the choice of g¯i and ω
M
i might be valid if u˙
task
tˆ
≤ u˙tˆ which can be verified
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by Eq. 3.3. For this reason, G¯TΩM L¯ provides a rule by which the designer can
easily (and with physical intuition) obtain a valid solution to the problem of
Eq. 3.6.
It can be deduced from Eq. 3.6 that the speed of the actuators should
increase from base to wrist. That is, shoulder actuators can be slow (corre-
sponding to a small g¯i due to their larger Li) and wrist actuators must be fast
(corresponding to a larger g¯i due to their smaller Li) to provide a balanced
control/influence of the output velocity of the system.
3.2 Force Capability Estimation
The joint torques τ ∈ <N due to an end-effector force, denoted by
f ∈ <3, is given by Thomas and Tesar [1982]
JTT f = τ (3.7)
which can be rewritten as 
(JT )
T
1 f
...
(JT )
T
N f
 =

τ1
...
τN
 . (3.8)
Noting that for each joint i we have τi = g¯
−1
i τ
M
i where τ
M
i is the motor torque
and letting f = ftˆtˆ where ftˆ is the magnitude of the force the manipulator can
apply/withstand along the unit direction tˆ, then from Eq. 3.8 for each joint i
we have
ftˆ (JT )
T
i tˆ =
τMi
g¯i
. (3.9)
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Taking the Euclidean norm and applying the Cauchy-Schwarz Inequality yields
ftˆ ≥
τMi
g¯iLi
(3.10)
where each fi = τ
M
i (g¯iLi)
−1 represents the effective value of motor torque
at the system output and it should be noted that this relationship should
be satisfied for all joints. Unlike the speed capability for which the effective
motor speeds sum to obtain the total speed of the system, the force capability
is determined by the “weakest” motor or the motor whose effective torque
value about the system output is the smallest and will, therefore, limit the
force capability of the manipulator.
The goal of the designer is to select a distribution of parameters g¯i and
τMi for all i to achieve the required task force or higher; that is,
ftˆ ≥
τMi
g¯iLi
≥ f tasktˆ (3.11)
which as aforementioned should be satisfied for all joints. Given particu-
lar values of g¯i and τ
M
i for all i, the lower bound on the manipulator force
τMi (g¯iLi)
−1 can be evaluated for all i and compared to the task force f task
tˆ
.
If τMi (g¯iLi)
−1 ≥ f task
tˆ
, then the manipulator force ftˆ will be greater than the
required task force meaning that the choice of g¯i and τ
M
i satisfies the problem
of Eq. 3.11. For this reason, we say that τMi (g¯iLi)
−1 provides a rule by which
the designer can easily and with physical intuition obtain a solution to the
problem of Eq. 3.11. From Eq. 3.11, it can be deduced that the torque of the
actuators can decrease from base to wrist to best control/influence the output
force level of the manipulator. That is, shoulder actuators require high torque
(due to their larger Li) and the wrist actuators can have lower torque (due to
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their smaller Li). This is the fundamental meaning of the product g¯iLi which
must be in balance with the task requirement τMi .
The model presented thus far for the force estimation is very idealized.
In reality, there are power losses in the gear train resulting in a reduction of
the transmitted torques from the input to the output of the gear train. Also,
each actuator must sustain the gravitational loading due to the weights of
the successive components along the serial chain. Both of these effects are
discussed in the sections below.
3.2.1 Accounting for Gravity Shift
In the presence of gravity, the weights of the actuators (and links) causes
joint loading to increase. This is called a gravity shift and can be significant
if the weights or effective distances are large. In the worst case, the gravity
shift can be so severe that the system is unable to lift its own weight. Letting
τ g ∈ <N be the gravitational loading on the joints, then Eq. 3.7 becomes
JTT f + τ
g = τ (3.12)
where τ g is determined as follows:
τ g =
N∑
i=1
[
(aJ ciT )
T mai +
(
lJ ciT
)T
mli
]
gˆ. (3.13)
In Eq. 3.13, aJ ciT ,
l J ciT ∈ <3×N are the translational kinematic influence coef-
ficients associated with the centers of gravity of the actuator (a) and link (l)
i, respectively, mai ,m
l
i ∈ < are the masses and gˆ ∈ <3 is the gravity vector.1
1The gravity vector is typically gˆ = (0, 0,−9.8)T ms2 .
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Figure 3.1. Geometric parameters associated with center-
of-gravity of link j.
Following the same procedure as before, for each joint i we have
ftˆ (JT )
T
i tˆ+
N∑
j=i
[(
aJ
cj
T
)T
i
maj +
(
lJ
cj
T
)T
i
mlj
]
gˆ =
τMi
g¯i
. (3.14)
where
(
aJ
cj
T
)
i
∈ <3 is given by (similarly for (aJ cjT )i)(
aJ
cj
T
)
i
= si × (aP cj − pi) . (3.15)
In Eq. 3.15, si ∈ <3 is the unit vector pointing along axis i, aP cj ∈ <3
locates the center-of-gravity of actuator j and pi ∈ <3 locates axis i (see
Figure 7.2(b)). Taking the Euclidean norm, applying the Triangle and Cauchy-
Schwarz Inequalities and rearranging yields:
ftˆ ≥
τMi
g¯iLi
−
N∑
j=i
[(aLcij
Li
)
maj +
(
lLcij
Li
)
mlj
]
|gˆ| . (3.16)
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In Eq. 3.16, Li is as before and
aLcij ∈ < is the effective distance between
axis i and the center of gravity of actuator j (similiarly for lLcij). In Eq. 3.16,
the second term on right-hand-side is the gravity shift and when this term
is greater in magnitude than the first term (i.e. right-hand-side of Eq. 3.16
is negative), the system is unable to lift its own weight. The reader should
note the ratios
aLcij
Li
and
aLcij
Li
. These ratios will be described in detail when the
effective mass estimation is presented in Chapter 4.
In Eq. 3.16, it can be seen that the force of actuator i is affected by
the weights of the successive actuators (and links) along the serial chain (i.e.
it is affected by all actuators j for j = i+ 1, ..., N).2 When applying Eq. 3.16
in the solution of a configuration management problem, the requirements of
actuator i = N should be determined first, followed by the requirements of
actuator i = N−1 and so on. This inward method of determining the required
actuator parameters ensures that the correct gravity effects are determined for
each actuator. This is the approach taken in the Design Case Studies presented
Chapter 6.
3.2.2 Accounting for Power Losses in the Gear Train
The equations for force given above were derived on the assumption of
no power losses in gear train. Assuming that actuator i is equipped with a
gear train having an efficiency of ηi, then the output actuator torque can be
found by τi = (g¯i)
−1 ηiτMi .
The reader should note that there are two efficiencies associated with
2Note that in Eq. 3.16, the sum starts at j = i to include the weight of link i. Note also
that for the actuators, aLcii = 0 for all i since we are assuming that actuator i is located on
axis i.
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Figure 3.2. Schematic diagram of epicyclic gear train.
a gear train depending on the direction of power flow. If the power flows from
the motor side to the output side of the gear train, then the forward flow
efficiency ηi is used. On the other hand, if the power flows from the output
side to the motor side (i.e. gear train is being back driven), then the backward
flow efficiency η∗i is used. In this work, the forward flow efficiency ηi is used
since the motor parameters are mapped to the output of the system.
The gear train efficiency ηi can include both the losses due to friction
in the gear meshes (which is a function of the sliding velocities) as well as
the losses due to the bearings. Chen and Angeles [2007] provide a detailed
analysis of the efficiency of the epicyclic gear train shown in Figure 3.2.3 For
this gear train, the efficiency is found to be a function of the mechanical gain
as follows:
η (g¯) =
g¯
(1− k) g¯ + k (3.17)
3For the efficiency model of Eq. 3.17, the gear mesh looses are being considered but the
losses in the bearings are being neglected.
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Figure 3.3. Efficiency vs. actuator gain for various loss
factor values of k.
where
k = λ1 + λ2 − λ1λ2 (3.18)
and λ1 and λ2 are the loss factors in gear mesh G1 and G2 as shown in Fig-
ure 3.2. The g-function and loss factors are given by
g¯ = 1− NBNC
NAND
(3.19)
λ1 =
1
5
(
1
NA
− 1
NB
)
, λ2 =
1
5
(
1
NC
− 1
ND
)
(3.20)
where NA, NB, NC and ND are the tooth numbers. Figure 3.3 shows how the
efficiency varies with the mechanical gain g¯. For each efficiency line in this
figure, the value of k was kept constant. Although k varies with the tooth
numbers (as does g¯), if the variation between the tooth numbers is small, then
the assumption that k is a constant is plausible [Chen and Angeles, 2007].
As can be seen from Eq. 3.17, as the g-function decreases (i.e. speed
reduction ratio increases), the motor torque is amplified but the efficiency
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decreases. The ratio of output actuator torque τ and motor torque τM (re-
ferred to as the torque amplification factor) for the epicyclic gear train under
consideration is as follows( τ
τM
)
loss
=
η (g¯)
g¯
=
1
(1− k) g¯ + k (3.21)
whereas the ideal torque amplification factor (i.e. no power losses) is4( τ
τM
)
ideal
=
1
g¯
. (3.22)
From Eq. 3.21 it is concluded that the power losses in the epicyclic gear meshes
can significantly reduce the torque amplification factor of the actuator espe-
cially for low values of g¯ (high reduction ratios) as is shown in Figure 3.4. As
can be seen from this figure, there is a point where the losses begin to dominate
and there is no more benefit in terms of torque amplification to increasing the
reduction ratio. In fact, the maximum torque amplification occurs as g¯ → 0−
which corresponds to the case of an actuator with infinite gain:
lim
g¯→0−
( τ
τM
)
loss
=
1
k
. (3.23)
This case is physically unrealizable due to material stress limits. The other
extreme case occurs as g¯ → 1+ which corresponds to the case of a direct-drive
actuator:
lim
g¯→1+
( τ
τM
)
loss
= 1. (3.24)
As can be seen from Eq. 3.24, a direct-drive actuator is perfectly efficient.
4Note that the ideal torque amplification factor is equivalent to the gear train’s mechan-
ical advantage or reduction ratio (i.e. inverse of it’s mechanical gain).
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Figure 3.4. Torque ratio vs. actuator gain for ideal case
(dashed) and loss case (solid). A value of k = 0.01792 was
used.
From before, the output torque for actuator i assuming losses in the
gear train is τi = (g¯i)
−1 ηiτMi . Following the same procedure as before, the
gear train efficiencies can be incorporated into manipulator force relationship
of Eq. 3.10 as follows:
ftˆ ≥
ηiτ
M
i
g¯iLi
. (3.25)
Hence, if the actuator has a low efficiency, Eq. 3.25 should be used instead of
Eq. 3.10.
3.3 Accuracy Capability Estimation
Assuming small errors, from Eq. 3.1 the translational error of the end-
effector, denoted by ∆x ∈ <3, is given by
∆x = JTΦ∆∆ϕ˜ (3.26)
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where ∆ϕ˜ ∈ <N contains the normalized joint errors (i.e. ‖∆ϕ˜i‖ ≤ 1 for all i),
Φ∆ ∈ <N×N contains the joint errors (i.e. Φ∆ = diag (∆ϕerr1 , ...,∆ϕerrN )) and
∆ϕerri = ε
∗
i + C
∗
i τ
L
i . (3.27)
In Eq. 3.27, ε∗i is the encoder resolution of the position sensor, C
∗
i is the rotary
compliance and τLi is the torque acting on actuator i (about its rotary axis) due
to an applied load at the end-effector. From before, note that the joint load is
given by τLi = ftˆ (JT )
T
i tˆ and from [Benedict and Tesar, 1978], the compliance
is given by C∗i = g¯
2
iCi where Ci is the compliance of the rotor air gap and the
effective compliance of the gear train. Also, the encoder is typically located
on the motor side meaning that the encoder resolution about the actuator
output is given by ε∗i = g¯iεi. If the encoder is located at the actuator output,
on the other hand, ε∗i = εi and as can be seen there is no benefit especially
if the encoder has low resolution. Hence, it will be assumed that the encoder
is located on the motor side. Making these substitutions into Eq. 3.26 and
letting ∆x = ∆xtˆtˆ where ∆xtˆ corresponds to the magnitude of the error in
the manipulator along the unit direction tˆ (i.e. manipulator error along the
direction of applied load) yields
∆xtˆtˆ =
N∑
i=1
(
g¯iεi + ftˆg¯
2
iCi (JT )
T
i tˆ
)
∆ϕ˜i (JT )i . (3.28)
Taking the Euclidean norm of this last expression and applying the Triangle
and Cauchy-Schwarz Inequalities yields
∆xtˆ ≤
N∑
i=1
(
g¯iεiLi + ftˆg¯
2
iCiL
2
i
)
(3.29)
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where ∆xi = εig¯iLi + ftˆCig¯
2
iL
2
i represents the effective error of actuator i at
the system output.
Let us examine more closely the components of ∆xi. The first com-
ponent εig¯iLi represents the effective encoder resolution of actuator i at the
tool-point. The second component ftˆCig¯
2
iL
2
i represents the total tool-point de-
formation of actuator i due to an externally applied load considering only the
on-axis compliance of the actuator. It is concluded that the quantity Cig¯
2
iL
2
i
is the effective compliance of the actuator at the system output and we make
note that this quantity has a quadratic dependency on both the actuator and
manipulator g-functions.
Like the speed capability, the total tool-point error is determined by
summing the effective errors of the actuators. The first component of right-
hand side of Eq. 3.29 can be written in matrix form as follows:
G¯TEL¯ =
[
g¯1 · · · g¯N
]
ε1 · · · 0
...
. . .
...
0 · · · εN


L1
...
LN
 (3.30)
where from before G¯ and L¯ are the actuator and manipulator gains, respec-
tively, E ∈ <N×N contains the encoder resolutions. The second component of
the right-hand side of Eq. 3.29 can be written as:
ftˆ
(
G¯2
)T
CL¯2 = ftˆ
[
g¯21 · · · g¯2N
]
C1 · · · 0
...
. . .
...
0 · · · CN


L21
...
L2N
 (3.31)
where C ∈ <N×N contains the compliance of the actuators. In Eq. 3.31, the
vector G¯2 represents the element-wise squaring of G¯ (similarly for L¯2). These
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compact relationships show how the encoder resolution and compliance are
geometrically transformed via the actuator and manipulator gains to their
effective values at the system output.
The goal of the designer is to select the actuator parameters g¯i, εi and
Ci for all i to achieve the required task accuracy or better given an applied
tool-point load ftˆ; that is,
∆xtˆ ≤ G¯TEL¯+ ftˆ
(
G¯2
)T
CL¯2 ≤ ∆xtasktˆ . (3.32)
Given particular values of g¯i, εi and Ci for all i, the upper bound on the
manipulator accuracy G¯TEL¯+ftˆ
(
G¯2
)T
CL¯2 can be determined and compared
to the required task accuracy ∆xtask
tˆ
. If G¯TEL¯+ ftˆ
(
G¯2
)T
CL¯2 ≤ ∆xtask
tˆ
, then
the manipulator accuracy ∆xtˆ is better than the task accuracy meaning that
the choice of g¯i, εi and Ci satisfies the problem of Eq. 3.30. For this reason,
G¯TEL¯ + ftˆ
(
G¯2
)T
CL¯2 provides a rule by which the designer can easily and
with physical intuition obtain a solution to the problem of Eq. 3.32. According
to Eq. 3.30, the encoder resolution of the shoulder is critical (due to the long
moment arm Li). Also, to minimize the end-effector error given an applied
load, the stiffness of the shoulder Ki = C
−1
i is critical due to the fact that
there is a quadratic dependency on the relative location of the actuators (i.e.
L2i ).
3.3.1 Accounting for Effects of Gravity Loading
In Eq. 3.30, ftˆ represents a load applied at the tool-point which could
be due to the weight of a tool, payload, external load, etc. The effects of the
gravity loading (due to weights of actuators and links) should also be included.
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The gravity loading is incorporated by letting τLi in Eq. 3.27 be as follows:
τLi =
N∑
j=i
[(aLcij
Li
)
maj +
(
lLcij
Li
)
mlj
]
|gˆ| . (3.33)
Note that this is gravity loading on joint i as given in Eq. 3.13.
3.3.2 Modeling of Large Hand Errors
For applications involving large hand errors such as compliant mecha-
nisms and situations where the input signal to the motors have large errors5
the model presented thus far is insufficient since this model is derived based
on a small error assumption. Therefore, a model for determining errors in the
position and orientation of the tool-point due to joint errors is required. To
develop this model, we assume the errors are significant and develop a model
for large errors based on kinematic influence coefficients. In the analysis pre-
sented below, only the error in the position of the tool-point is addressed but
the reader should note this analysis applies to errors in orientation as well by
replacing the translational components with the rotational ones.
For a serial chain mechanism, the position of the tool-point, denoted
by xT ∈ <3, can be written as follows:
xT = fT (ϕ) (3.34)
where fT ∈ <3 is a global position function and ϕ ∈ <N is vector of generalized
coordinates (i.e. joint positions) [Benedict and Tesar, 1978]. Considering a
5In control of upper-limb prosthetic applications, the system experiences large tool-point
errors due to errors in the motor inputs which come primarily from myoelectric signals [Scott
et al., 1990; Parker et al., 2006]
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change in the joint position ∆ϕ ∈ <N , the new tool-point position is
xˆT = fT (ϕ+∆ϕ) . (3.35)
The change in the tool-point position ∆xT ∈ <3 can be estimated with a
second-order Taylor series approximation as follows6:
∆xT = xˆT − xT = JT (ϕ)∆ϕ+ 12∆ϕTHT (ϕ)∆ϕ (3.36)
where
JT (ϕ) =
∂fT (ϕ)
∂ϕ
∈ <3×N (3.37)
is the translational Jacobian matrix and
HT (ϕ) =
∂2fT (ϕ)
∂ϕ2
∈ <3×N×N (3.38)
is the translational Hessian array [Thomas and Tesar, 1982]. The Jacobian
matrix (or first-order influence coefficient) represents the mechanical gain as-
sociated with the geometry of the mechanical arm such as the link lengths
while the Hessian array (or second-order influence coefficient) represents the
change in the mechanical gain with respect to the joint position. Note that
both of these quantities are functions of the joint position ϕ meaning that the
mechanical gain of the arm varies over its workspace. As can be seen from
Eq. 3.36, the error in the joints ∆ϕ is amplified by the mechanical gain of the
arm as well as by the rate of change of the mechanical gain.
6Note that for small angle errors in the joints, the second-order term ∆ϕTHT∆ϕ is
very small compared to the first-order term JT∆ϕ and, therefore, the second-order term is
neglected yielding the traditional first-order finite-difference approximation to hand errors
as was implemented in Eq. 3.26.
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3.3.2.1 Structure of Hessian Array
Before proceeding, an explanation of the structure of the Hessian array
HT is given. HT can be considered as a set of 3, N × N matrices; that is,
HT = {HxT , HyT , HzT} where HzT , HyT , HzT ∈ <N×N and x, y and z correspond
the the three principal Cartesian directions. The quantity ∆ϕTHT∆ϕ ∈ <3
can be computed as
∆ϕTHT∆ϕ =
∆ϕ
THxT∆ϕ
∆ϕTHyT∆ϕ
∆ϕTHzT∆ϕ
 . (3.39)
A useful vector to consider is (HT )ij ∈ <3. This vector can be constructed as
follows
(HT )ij =
(H
x
T )ij
(HyT )ij
(HzT )ij
 (3.40)
and it contains the rate of change of the hand position with respect to the
joints i and j in each of the three principal Cartesian directions; that is
(HxT )ij =
∂2fxT (ϕ)
∂ϕj∂ϕi
(3.41)
where fxT (ϕ) ∈ < is the tool-point position in the x-direction (similarly for
y and z). Considering the ith column of the translational Jacobian matrix
(JT )i ∈ <3 which contains the mechanical gains relating the input ϕi to the
output, then the Hessian vector of Eq. 3.40 can be written as
(HT )ij =
∂
∂ϕj
(JT )i . (3.42)
Let si ∈ <3 be the unit vector pointing along the axis of rotation of
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joint i, let pi ∈ <3 be the vector locating the origin of the local frame attached
to joint i and, finally, let P ∈ <3 be the vector locating the tool point.7 Then,
assuming all joints are revolute the Jacobian vector (JT )i and the Hessian
vector (HT )ij can be written as [Thomas and Tesar, 1982]
(JT )i = si × (P − pi) (3.43)
(HT )ij =
{
sj × [si × (P − pi)] if j ≤ i
si × [sj × (P − pj)] if i < j
. (3.44)
Noting that the ith column of the rotational Jacobian matrix JR ∈ <3×N is
given by (JR)i = si, then the Hessian vector can be rewritten as a product
of first-order translational and rotational kinematic influence coefficients as
follows:
(HT )ij =
{
(JR)j × (JT )i if j ≤ i
(JR)i × (JT )j if i < j
. (3.45)
This Hessian vector (as well as the Jacobian vector) will be used in the analysis
below.
3.3.2.2 Effects of Actuator Mechanical Gains
In addition to the mechanical gain associated with the arm, suppose
each joint j has a transmission with a constant mechanical gain of g¯j ∈ <.
7These three vectors are all referenced with respect to the fixed base frame of the mech-
anism.
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Combining the mechanical gains of all the joints as follows
G˜ = diag
(
G¯
)
=

g¯1 0 · · · 0
0 g¯2 · · · 0
...
...
. . .
...
0 0 · · · g¯N
 ∈ <N×N (3.46)
means that Eq. 3.36 can be rewritten as
∆xT = JT G˜∆q +
1
2
∆qT G˜HT G˜∆q (3.47)
where ∆q ∈ <N is the error in the motors. The position error of the tool-point
given by Eq. 3.47 can be rewritten as a summation as follows
∆xT =
N∑
i=1
{
(∆xT )i + (∆xT )
′
i
}
(3.48)
where
(∆xT )i = (JT )i g¯i∆qi (3.49)
is the effective value of the input motor error ∆qj at the output of the system
(i.e. it is the error of the hand due to the error in motor j) [Rios and Tesar,
2007] and
(∆xT )
′
i =
(
1
2
N∑
j=1
(HT )ij g¯j∆qj
)
g¯i∆qi (3.50)
is the effective value of the input motor error ∆qi about the output of the
system due to the rate of change of the arm’s mechanical gain. In Eq. 3.49,
(JT )i ∈ <3 is the ith column of the translational Jacobian matrix and in
Eq. 3.50, (HT )ij ∈ <3 is the Hessian vector constructed in Eq. 3.40.
As can be seen from Eq. 3.48, in a serial chain mechanism the errors in
59
the joints combine meaning that even if each joint has a small error, the error
in the hand position could still be significant. From Eq. 3.49 and Eq. 3.50,
if actuator i has a large transmission ratio (i.e. mechanical gain g¯i is small),
then the tool-point error associated with ∆qi would be reduced. For appli-
cations requiring human interactions such as for upper-limb prosthetics, large
transmission ratios can yield both desirable and undesirable properties. Desir-
able properties include error reduction, force amplification and speed reduction
[Rios and Tesar, 2007] which all allow for better control of the prosthetic arm
while an undesirable property is inertia amplification which can cause the sys-
tem to become unsafe for the operator and its environment [Zinn et al., 2003].
Hence, an optimal balance of the transmission ratios needs to be achieved. See
Design Case Study III in Chapter 6.
3.3.2.3 Upper Bound on Hand Error
Eq. 3.48 represents the hand error due to errors in the motors. Letting
∆xT = ∆xtˆtˆ, taking Euclidean norm of both sides of Eq. 3.48 and applying
the Triangle and Cauchy-Schwarz Inequalities yields
∆xtˆ ≤
N∑
i=1
{
Lig¯i∆qi +
(
1
2
N∑
j=1
L˜ij g¯j∆qj
)
g¯i∆qi
}
. (3.51)
In Eq. 3.51, Li ∈ < is the distance from joint i to the point of interest in the
hand (see Eq. 3.43) and it represents the effective mechanical gain between
joint i and the output of the system [Rios and Tesar, 2007]. Also in Eq. 3.51,
L˜ij ∈ < represents the rate of change (with respect to joint j) of the effective
mechanical gain between joint i and the output and represents the effective
distance from joint i to the point of interest in the hand if j ≤ i or the effective
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distance from joint j to the hand if i < j. Eq. 3.51 represents an upper bound
on the hand error and can be used to determine how the mechanical gains of
the actuators as well as the effective mechanical gains of the arm and their
rates of change amplify/reduce the motor errors.
3.3.2.4 Effects of Low Rotary Stiffness
Consider the case where the joints have low stiffness. Following the
same procedure as before, given an externally applied load at the tool-point
f = ftˆtˆ where ftˆ ∈ < is the magnitude of the load in the unit task-space
direction tˆ ∈ <3 the displacement of at the motor side of the gear train given
a compliance Ci is given by ∆qi = ftˆCig¯iLi. Substituting this into Eq. 3.51
yields
∆xtˆ ≤
N∑
i=1
{
ftˆCig¯
2
iL
2
i +
1
2
f 2tˆ
N∑
j=1
CiCj g¯
2
i g¯
2
j L˜ijLiLj
}
. (3.52)
The first term on the right-hand-side of Eq. 3.52 (first-order effects) is equiv-
alent to the small-error approximation as given in Eq. 3.29. The second term
on the right-hand-side of Eq. 3.52 (second-order effects) is the error compen-
sation due to the low compliance. The reader should note that if the joints
have high stiffness (Ci is low), then the CiCj product is very small and the
second-order effects are negligible compared to the first-order effects yielding
the small-error approximation given before. However, if the stiffness is low,
second-order effects can be significant especially if: (1) the applied force is
large; (2) the actuator reduction ratios are small (i.e. g¯i ≈ 1); and (3) the
manipulator gains are large (long moment arms). For direct-drive arms, the
product g¯2i g¯
2
j = 1 meaning that the second-order effects become particularly
important in the design process due to the large deformations experienced by
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the motors.
3.4 Evaluating Performance Over a Task
A task T is composed of a set of tool-point positions P ⊂ <3 and
orientations O ⊂ <3, as well as a set of required speed magnitudes U˙ ⊂ <,
force magnitudes F ⊂ < and accuracy magnitudes ∆X ⊂ <. The tool-point
position and orientations can be mapped via the inverse kinematics of the ma-
nipulator to a set of joint positions Φ ⊂ <N (i.e. (P,O) 7→ Φ) and the effective
manipulator gain functions L¯ can be evaluated for each joint position ϕ ∈ Φ
of the task via the translational Jacobian matrix. In addition, for each joint
position ϕ ∈ Φ the required motor speeds, motor torques, encoder resolutions
and rotary compliances can be determined via the analytic formulations pre-
sented above. As discussed in Thomas et al. [1985a],choosing the maximum
motor speed, maximum motor torque, maximum encoder resolution and min-
imum compliance over the entire task guarantees that the manipulator will
achieve the required task speeds, forces and accuracies. The same applies if
the performance is evaluated over the workspace.
3.5 Concluding Remarks
In this chapter, the motor speed, torque, encoder resolution and rotary
stiffness were transformed to their effective values at the system output. In
addition, the effects of the gear train efficiency and gravitational loading on
the force capability of the system were investigated. The effects of large joint
errors on the overall accuracy of the tool-point were also investigated. The
analytic formulations developed in this chapter are used in Chapter 6 to find
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the solutions of various design case studied and the trade-offs between the
solutions are investigated.
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Chapter 4
Effective Mass and Responsiveness Estimation
4.1 Effective Mass Estimation
In most mechanical systems, the mass and inertia of the components
in motion are amplified by the mechanical gain of the system. A gear train is
one such example. In a gear train, the inertia of the rotor is amplified by the
square of the mechanical gain (i.e. the inverse of the reduction ratio). This
amplified inertia felt at the gear train output is termed the effective inertia.
Similarly for a robotic manipulator, the effective inertia of the components felt
at the end-effector or tool point due to the mechanical gain of the manipulator
can also be determined (see Eq. 4.17 below).
The gear trains considered in this work only rotate meaning that the
rotary inertia of the motor’s rotor is amplified by the mechanical gain whereas
the mass is not amplified. A manipulator, on the other hand, has the ability
to both translate and rotate its end-effector meaning that both the mass and
inertia of the components comprising the system (links and actuators) are
amplified to the output. The effective inertia is due to the rotational motion
while the effective mass is due to the translational motion.1 The effective mass
1The reader should note that the mass and inertia of the actuators affect both the effective
mass and the effective inertia of the robotic manipulator. It is NOT the case that the mass
of the actuators only affects the manipulator’s effective mass and the inertia only affects the
manipulator’s effective inertia.
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of a robotic manipulator is a critical parameter when the system is interacting
with its environment (human or other). High effective mass means that there is
a large momentum exchange between the system and the environment [Khatib,
1995]. The goal of the designer with respect to effective mass is, therefore, to
maintain this value reasonably low to prevent damage to the environment
(especially when interacting with a human). See Design Case Study III in
Chapter 6.
Before we present the case of a general robotic manipulator, the effective
mass of a one-DOF system comprised of an actuator attached to a link is
described. This is done to provide physical insight into the meaning of effective
mass.
4.1.1 Effective Mass of 1-DOF System
Figure 4.1 shows a 1-DOF system that is only allowed to rotate about
the z-axis and whose tool-point (i.e. the point about which the effective mass
and inertia is determined) is located at the end of the link. For this one-DOF
system, the only components necessary to compute are the effective mass along
the x-axis, meffx , and the effective inertia about the z-axis, I
eff
z . The other
components of the effective mass and inertia (i.e. meffy , m
eff
z , I
eff
x and I
eff
y )
are not necessary to compute as motion along/about the other perpendicular
directions is not allowed by the joint’s physical constraints.
Let us begin by first determining the effective mass (along the x-axis)
and effective inertia (about z-axis) of the actuator about the tool-point, de-
noted by meffa and I
eff
a , respectively. To accomplish this, an energy-based
approach is employed. The kinetic energy associated with the actuator due to
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Figure 4.1. Effective mass and inertia of an actuator and
link pair rotating about the z-axis.
an input motion ϕ˙ is given by:
Qa =
1
2
mav
2
a +
1
2
Iaω
2
a (4.1)
wherema is the mass of the actuator, Ia is the actuator inertia about the z-axis
and va and ωa are the translational and rotational velocities of the actuator’s
center-of-mass. In this case, va = 0 since the center-of-mass of the actuator
is located on the axis of motion and does not translate2 and ωa = ϕ˙. Hence,
Eq. 4.1 can be rewritten as
Qa =
1
2
Iaϕ˙
2. (4.2)
Now suppose that the actuator is removed (conceptually) and is replaced by
an object located at the tool-point that is instantaneously translating along
the x-axis. The question is: What is the equivalent (or effective) mass that
this object must contain to maintain the same amount of kinetic energy in the
2In other words, the translational kinematic influence coefficient associated with the
center-of-mass of the actuator is zero since it’s associated position function is zero.
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system? The kinetic energy of this object is
Q = 1
2
meffa v
2
x (4.3)
where vx = Lϕ˙ is the translational velocity of the tool-point along the x-
direction and L is the length of the link. Setting the kinetic energies from
Eq. 4.2 and Eq. 4.3 equal and rearranging yields:
meffa =
Ia
L2
(4.4)
where meffa is the effective mass of the actuator at the tool-point along the
x-direction. Also, note that Ia = I
R
a g¯
−2 where IRa is the rotor inertia of the
motor and g¯ is the mechanical gain of the tranmission. Hence, the effective
mass of the actuator at the output of the system is a function of the actuator
and manipulator gains.
Similarly, suppose that the actuator is removed and is replaced by an
object located at the tool-point that is instantaneously rotating about the
z-axis. The kinetic energy of the object is
Q = 1
2
Ieffa ω
2
z (4.5)
where ωz = ϕ˙ is the rotational velocity of the tool-point about the z-direction.
Setting the kinetic energies from Eq. 4.2 and Eq. 4.5 equal and rearranging
yields:
Ieffa = Ia (4.6)
where Ieffa is the effective inertia of the actuator at the tool-point about the
z-direction.
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The same approach is taken to determine the effective mass (along the
x-axis) and effective inertia (about z-axis) of the link about the tool-point,
denoted by meffl and I
eff
l , respectively. Note, however, that the center-of-
mass of the link is both translating and rotating. The kinetic energy of the
link is
Ql =
1
2
mlv
2
l +
1
2
Ilω
2
l (4.7)
where ml is the mass of the link, Il is the inertia about the z-axis and vl and
ωl are the translational and rotational velocities of the link’s center-of-mass.
In this case, vl =
1
2
Lϕ˙ and ωl = ϕ˙ and Eq. 4.7 can be rewritten as
Ql =
1
2
(
1
4
mlL
2 + Il
)
ϕ˙2. (4.8)
Suppose that the link is replaced with an object located at the tool-point that
is instantaneously translating along the x-direction. The kinetic energy of the
object is
Q = 1
2
meffl v
2
x (4.9)
where vx = Lϕ˙ is the translational velocity of the tool-point along the x-
direction. Setting the kinetic energies from Eq. 4.8 and Eq. 4.9 equal and
rearranging yields:
meffl =
1
4
mlL
2 + Il
L2
(4.10)
where meffl is the link’s effective mass at the tool-point along the x-direction.
Similarly, suppose that the link is replaced with an object located at the
tool-point that is instantaneously rotating about the z-direction. The kinetic
energy of the object is
Q = 1
2
Ieffl ω
2
z (4.11)
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where ωz = ϕ˙ is the rotational velocity of the tool-point about the z-direction.
Setting the kinetic energies from Eq. 4.8 and Eq. 4.11 equal and rearranging
yields:
Ieffl =
1
4
mlL
2 + Il (4.12)
where Ieffl is the link’s effective inertia at the tool-point about the z-direction.
Since the total kinetic energy of the one-DOF system is the sum of the
kinetic energies of the actuator and link, the total effective mass meffx and
total effective inertia Ieffz at the tool-point are given by:
meffx = m
eff
a +m
eff
l =
Ia
L2
+
1
4
mlL
2 + Il
L2
(4.13)
Ieffz = I
eff
a + I
eff
l = Ia +
1
4
mlL
2 + Il. (4.14)
As can be seen from Eq. 4.13, for large values of L (as is the case for shoulder
actuators) the effective mass meffx of the system is small whereas for small
values of L (as is the case for wrist actuators) the effective mass of the system
is large. This implies that the mass of the components should be minimal the
closer it is to the tool-point (i.e. mass should decrease from base to wrist).
Eq. 4.13 and Eq. 4.14 can be rewritten in the following form:
meffx = Ia
(
1
L2
)
+ml
( 1
4
L2
L2
)
+ Il
(
1
L2
)
(4.15)
Ieffz = Ia +ml
(
1
4
L2
)
+ Il. (4.16)
where the fractions multiplying the mass and inertia terms are called the
mass amplification and inertia amplification factors since they amplify (via the
system geometry) the inertial parameters of the system (these concepts will
be generalized for the N-DOF case in the next section). In this case, however,
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these amplification factors simplify greatly due to the simple geometry of the
one-DOF system being considered. This will not be the case for the general
case.
Although simple, the one-DOF case considered above demonstrates how
the geometry of the system is crucial in determining the effective mass and
inertia of the system components at the system output. Additional complex-
ity can be added by orienting the axis of motion in an arbitrary direction and
considering the actuator and link inertias about the x- and y-axes. This ad-
ditional complexity is addressed below for the determination of the effective
mass and inertia of a serially-linked, N -DOF manipulator system. In addi-
tion, the geometric transformations to represent the actuator and link inertial
parameters at the system output will be more formally developed and defined.
4.1.2 Effective Mass of N-DOF System
The effective mass of a robotic manipulator along the unit task-space
direction tˆ, denoted by mtˆ, can be written as follows [Khatib, 1995; Freeman
and Tesar, 1988]
1
mtˆ
= tˆTJT (I
∗)−1 JTT tˆ (4.17)
where I∗ ∈ <N×N is the effective inertia matrix [Thomas and Tesar, 1982]. The
effective inertia about tˆ, denoted by Itˆ, is computed in the same way except
the translational component of the Jacobian matrix JT ∈ <3×N is replaced by
the rotational component JR ∈ <3×N . The reader should note that Eq. 4.17
is derived in the same way as for the simple 1-DOF case (i.e. set the kinetic
energy of the system equal to the kinetic energy of an object located at the
tool-point that is instantaneously translating along tˆ).
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Figure 4.2. Description of the effective inertia acting about
axis i due to links and actuators i to N .
To determine the individual effects of each link and actuator on the
overall effective mass of the system, links and actuators i to N will be consid-
ered as one single rigid body accelerating about axis i as shown in Figure 4.2.
That is, for each axis i
τi = I
∗
iiϕ¨i (4.18)
where ϕ¨i ∈ < is the joint acceleration about axis i, τi ∈ < is the resulting joint
torque and I∗ii ∈ < is the equivalent inertia about axis i due to the mass and
inertia of links and actuators i to N and is given by
I∗ii =
N∑
j=i
{
aI∗ij +
l I∗ij
}
. (4.19)
In Eq. 4.19, aI∗ij,
l I∗ij ∈ < represent the effective inertia of link and actuator j,
respectively, about axis i and they are given as:
aI∗ij = m
a
j
(
aJ
cj
T
)T
i
(
aJ
cj
T
)
i
+
(
aJ
cj
R
)T
i
Πaj
(
aJ
cj
R
)
i
(4.20)
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lI∗ij = m
l
j
(
lJ
cj
T
)T
i
(
lJ
cj
T
)
i
+
(
lJ
cj
R
)T
i
Πlj
(
lJ
cj
R
)
i
(4.21)
where maj ,m
l
j ∈ < and Πaj ,Πlj ∈ <3×3 are the masses and local inertia ma-
trices, respectively, of actuator and link j while
(
aJ
cj
T
)
i
,
(
lJ
cj
T
)
i
∈ <3 and(
aJ
cj
R
)
i
,
(
lJ
cj
R
)
i
∈ <3 are the ith columns of the translational and rotational
first-order influence coefficients associated with the center-of-mass (CM) of
actuator and link j, respectively. After applying the assumption made above
to all axes i = 1, ..., N , the effective inertia matrix has a diagonal form; that
is
I∗ =

I∗11 · · · 0
...
. . .
...
0 · · · I∗NN
 . (4.22)
The reader should note that the assumption made above is similar to the
Composite-Rigid-Body method of Walker and Orin [1982] and Featherstone
[1987] where links i to N are a single rigid body (composite body) accelerating
about axis i. Secondly, in Eq. 4.18, only the primary inertia terms are being
considered. The off-diagonal or coupling inertia terms arising when a joint j
such that j > i accelerates and produces a torque about axis i are not being
considered. Finally, since the resulting I∗ is diagonal, it’s inverse is easily
computed (simply invert the diagonal entries).
Next, the actuator and link terms of Eq. 4.19, i.e. aI∗ij and
lI∗ij, are
examined more closely. Consider first the actuator term. Assuming that the
local inertia matrix Πaj is diagonal
3, i.e. Πaj = diag
(
aIxj ,
a Iyj ,
a Izj
)
where aIxj is
the inertia of the actuator about the local x-axis of frame j and similarly for
aIyj and
aIzj , then the inertia term on the right-hand-side of Eq. 4.20 can be
3This case arises when the actuators are symmetric (cubes, cylinders, etc.)
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written as:
(
aJ
cj
R
)T
i
Πaj
(
aJ
cj
R
)
i
=a Ixj
(
aJ
cj
R
)2
x,i
+a Iyj
(
aJ
cj
R
)2
y,i
+a Izj
(
aJ
cj
R
)2
z,i
(4.23)
where
(
aJ
cj
R
)
x,i
∈ < is the x-component of (aJ cjR )i (similarly for the y- and
z-components). Assuming that the jth actuator is equipped with a gear train
(actuator has mechanical gain), then the z-component of the inertia will dom-
inate the x- and y-components of the inertia4 since the z-component of the
inertia (rotor inertia) will be amplified by the square of the mechanical gain;
that is, aIzj = g¯
−2
j I
M
j where g¯j is the mechanical g-function associated with
the transmission of actuator j and IMj is the rotor inertia. Hence, the x- and
y-components of the inertia are neglected and Eq. 4.20 can be written as
aI∗ij = m
a
j
(
aJ
cj
T
)T
i
(
aJ
cj
T
)
i
+ g¯−2j I
M
j
(
aJ
cj
R
)2
z,i
. (4.24)
To better understand Eq. 4.24, define aLcij ∈ < as follows:
(
aLcij
)2
=
(
aJ
cj
T
)T
i
(
aJ
cj
T
)
i
. (4.25)
From this definition, aLcij represents the distance from axis i to the CM of
actuator j (see Figure 4.3) and, therefore, the mass term on the right-hand-side
of Eq. 4.24 represents the effective mass of actuator j about axis i. Similarly,
define aRcij ∈ < as follows:
(
aRcij
)2
=
(
aJ
cj
R
)2
z,i
. (4.26)
4This assumption is valid when considering transmissions with reduction ratios ranging
from low to high (10:1 up to 200:1 and larger). Bowling and Khatib [1998] and Kovecses
et al. [2001] make the same assumption.
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Figure 4.3. Description of the distance Lcij between axis i
and jth CM.
From this definition, aRcij = cos
(
θcij
)
where θcij represents the angle formed
by the z-axis of the local frame attached to axis i and the z-axis of the local
frame attached to the CM of actuator j5 (see Figure 4.4) and, therefore, the
inertia term on the right-hand-side of Eq. 4.24 represents the effective inertia
of actuator j about axis i. Hence, Eq. 4.20 is rewritten as
aI∗ij = m
a
j
(
aLcij
)2
+ g¯−2j I
M
j
(
aRcij
)2
. (4.27)
and it is noted that it is simply an application of the Parallel Axis Theorem.
A similar approach is taken with the links. Note, however, that the
links do not have a mechanical gain associated with them and, therefore, no
component of the link’s inertia is amplified. Eq. 4.21 can be rewritten as
follows:
lI∗ij = m
l
j
(
lLcij
)2
+l Ixj
(
lRc,xij
)2
+l Iyj
(
lRc,yij
)2
+l Izj
(
lRc,zij
)2
(4.28)
5By convention, the local frame attached to the CM of actuator j and the local frame of
axis j are co-linear.
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Figure 4.4. Description of the angle θcij between the z-axis
of frame attached to axis i and the z-axis of frame attached
to jth CM.
where lRc,xij = cos
(
θc,xij
)
and θc,xij represents the angle formed by the x-axis of
the local frame attached to axis i and the x-axis of the local frame attached
to the CM of link j (similarly for lRc,yij and
lRc,zij ).
The effective mass of the system as given by Eq. 4.17 is now examined.
Under the assumption made above, the matrix JT (I
∗)−1 JTT ∈ <3×3 can be
reduced to the following form
JT (I
∗)−1 JTT =
N∑
i=1
(JT )i (JT )
T
i
I∗ii
(4.29)
where (JT )i ∈ <3 is the ith column of JT and Eq. 4.17 can now be written as
1
mtˆ
=
N∑
i=1
tˆT (JT )i (JT )
T
i tˆ∑N
j=i
{
aI∗ij +l I
∗
ij
} . (4.30)
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Taking the 2-norm of Eq. 4.30 yields
1
mtˆ
≤
N∑
i=1
L2i∑N
j=i
{
aI∗ij +l I
∗
ij
} (4.31)
where Li = ‖(JT )i‖2 is the effective distance from axis i to the end-effector or
tool-point (see Figure ??). Eq. 4.31 can be rearranged in the following form:
1
mtˆ
≤
N∑
i=1
1
ameffi +
l meffi
(4.32)
where ameffi is the effective mass of actuator i at the system output and
lmeffi
is the effective mass of link i at the system output and they are given by
ameffi =
i∑
j=1
{
mai
(
aLcji
)2
+ g¯−2i I
M
i
(
aRcji
)2
L2j
}
(4.33)
lmeffi =
i∑
j=1
{
mli
(
lLcji
)2
+l Ixi
(
lRc,xji
)2
+l Iyi
(
lRc,yji
)2
+l Izi
(
lRc,zji
)2
L2j
}
. (4.34)
In Eq. 4.33, note the subscripts of the terms aLcji and
aRcji. In this equation,
aLcji and
aRcji represent the effective distance and angle, respectively, relating
axis j and CM of actuator i (same for Eq. 4.34). Also, note that only the
rotary inertia of the actuator is amplified by the mechanical gain of the gear
train.
Eq. 4.33 can be rearranged into the following form:
ameffi = m
a
i
mA2i +
IMi
g¯2i
IA2i (4.35)
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where
mA2i =
i∑
j=1
(aLcji
Lj
)2
, IA2i =
i∑
j=1
(aRcji
Lj
)2
(4.36)
are constant factors referred to as the mass amplification and inertia ampli-
fication factors of the actuators.6 They are considered constant because the
geometry of the manipulator is fixed. Note, however, that their value varies
over the workspace of the manipulator. These amplification factors play the
role of the mechanical gains of the manipulator transferring the inertial param-
eters of the links and actuators to their effective values at the system output.
For shoulder actuators, typically i = 1, 2 and the effective length associated
with them is large. This means that the amplification factors associated with
the shoulder actuators are small. For wrist actuators, on the other hand, typ-
ically i = 4, 5, 6 in a 6DOF system and the effective length associated with
them is small implying that the amplification factors are comparatively large.
Hence, the effective mass associated with a wrist actuator is higher than the
effective mass associated with an elbow actuator which in turn is higher that
the effective mass associated with a shoulder actuator.
Unlike speed, force and accuracy which can be defined explicitly by the
task requirements, the value of effective mass required for the task, mtask
tˆ
, is
not easily defined. Hence, the goal of the designer is to select the actuator
parameters to minimize the effective mass of the system (maximize it’s inverse
as given by Eq. 4.32); that is choose g¯i, m
a
i and I
M
i for all i such that
max
N∑
i=1
1
ameffi +
l meffi
. (4.37)
6Similar amplification factors exist for the links.
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The designer can also modify the link parameters mli,
lIxi ,
lIyi and
lIzi to min-
imize the total effective mass of the system. Note that using Eq. 4.32 the
designer can understand the relative importance of the inertial parameters of
the actuators with respect to the links.
4.2 Responsiveness Estimation
In the previous section, the goal was to determine the effective values
of the inertial parameters of the actuators and links about the system output.
The distribution of these parameters, as well as the distribution of the actuator
torques, has a direct impact on the acceleration capability or responsiveness
of the overall system. The end-effector responsiveness is defined as the ability
to accelerate its end-effector from rest and maximizing this value means that
the system can respond quickly to commands. In this section, the influence
of the inertial and torque parameters, along with the mechanical gains of the
actuators, on the responsiveness of the system’s end-effector is determined.
To determine the responsiveness, we begin with the equations of motion
of a robotic manipulator assuming that the manipulator starts from rest (i.e.
the joint velocities are zero, ϕ˙ = 0), namely
τ = I∗ϕ¨ (4.38)
where τ ∈ <N are the joint torques produced by the joint acceleration ϕ¨ ∈ <N .
Solving for ϕ¨ from Eq. 4.38 and substituting this value into the equation for
the translational tool-point acceleration, x¨T ∈ <3, (i.e. x¨T = JT ϕ¨) yields:
x¨T = JT (I
∗)−1 τ. (4.39)
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Letting x¨T = atˆtˆ where atˆ is the magnitude of the acceleration along the unit
direction tˆ and also letting I∗ be as in Eq. 4.22, Eq. 4.39 can be rewritten as
atˆtˆ =
N∑
i=1
τi (JT )i
I∗ii
. (4.40)
In Eq. 4.40, τi ∈ < is the torque about axis i given by τi = g¯−1i τMi where τMi
is the motor torque of actuator i. Taking the 2-norm of Eq. 4.40 yields the
responsiveness of the system as
atˆ ≤
N∑
i=1
τMi Li
g¯i
∑N
j=i
{
aI∗ij +l I
∗
ij
} (4.41)
where each of the terms on the right-hand-side of Eq. 4.41 represents the
acceleration capability of each actuator represented at the system output. Re-
calling the effective mass of actuator i and link i about the system output from
Eq. 4.32 and that the effective motor torque about the system output is given
by f effi = τ
M
i (g¯iLi)
−1 it can be concluded that the effective responsiveness of
actuator i at the system output is given by
aeffi =
f effi
ameffi +
l meffi
. (4.42)
That is, the effective responsiveness of each actuator is simply its effective
force divided by the effective mass of the actuator itself (plus the effective
mass of the link attached to it) which is the system-level equivalent to the
definition of responsiveness at the actuator-level.7 As can be seen from this
equation, and as can be expected from physical intuition, the responsiveness of
7The responsiveness of an actuator is defined as the motor torque divided by the rotary
inertia [Vaculik and Tesar, 2008]
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the manipulator is maximized by minimizing the effective mass of the actuators
and links and maximizing the effective force. Note that one way of increasing
the torque of the actuator is by making the motor large meaning that its
effective mass will also increase. Or, one could speed up the prime mover and
increase the reduction ratio to do the same which reduces the actuator weight.
This demonstrates the trade-offs between the actuator parameters and the
resulting system-level performance that are inherent to the system.
The goal of the designer is to reach a balance between the parameters
as dictated by a task. That is, choose the parameters g¯i, m
a
i , I
M
i and τ
M
i (the
link inertial parameters can also be chosen) for all i such that
atasktˆ ≤ atˆ ≤
N∑
i=1
aeffi . (4.43)
In certain cases the required responsiveness, atask
tˆ
, may be difficult to define
in terms of the given task requirements. In such situations the designer can
choose to maximize the responsiveness of the system, i.e.
max
N∑
i=1
aeffi , (4.44)
instead of achieving a required responsiveness value or better as in Eq. 4.43.
4.3 Example Calculations
In the sections above, analytic formulations to determine the effective
values of the mass, inertia and responsiveness of the actuators at the system
output were presented. To help the reader understand these formulations,
some simple calculations of these results will be given.
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We begin by computing the mass and inertia amplification factors for
the 6DOF system whose geometry is shown in Figure 4.5. Table 4.2 shows how
the effective force values f effi of the shoulder, elbow and wrist joints vary with
increasing transmission reduction ratio G¯i = g¯
−1
i . Similarly, Table 4.3 and
Table 4.4, show how the effective mass values meffi and effective responsive-
ness values aeffi , respectively, of the joints vary with increasing transmission
reduction ratio G¯i = g¯
−1
i . The values of these tables were computed assuming
that the mass mai and motor inertia I
M
i of the actuators were fixed at 3.16kg
and 0.014kgm2, respectively, and the motor torque values τMi were fixed at
5.81Nm. As can be seen, as the reduction ratio of the system increases, the
effective mass increases at a quadratic rate. The effective mass of the actua-
tors is especially critical due to the large amplification factors associated with
them. Figure 4.6 and Figure 4.7 provide a graphical representation of the data
in the tables. As can be seen from these figures, the effective force increases
linearly while the effective mass increases quadratically with increasing trans-
mission reduction ratio. Since effective responsiveness is a ratio of the effective
force to the effective mass, a non-monotonic trend is observed. Specifically,
for small reduction ratio values, the effective mass is small compared to the
effective force and the effective responsiveness increases. As the reduction ra-
tio increases, the effective mass quickly dominates the effective force and the
effective responsiveness begins to decrease. As can be seen in Figure 4.6(c),
the point of maximum acceleration (i.e. the point where the effective mass
begins to dominate the effective force) for the shoulder actuators (joints 1
and 2) occurs at a small transmission ratio value (G¯ = 6 : 1 for joint 1 and
G¯ = 7 : 1 for joint 2) meaning that the effective mass quickly dominates the
effective force. This is due to the fact that these joints have low effective force
due to the large effective lengths Li associated with them. As can be seen in
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Figure 4.7(c), the point of maximum acceleration for the wrist actuators oc-
curs at a larger transmission ratio value (G¯ = 13 : 1 for joint 4, G¯ = 10 : 1 for
joint 5 and G¯ = 9 : 1 for joint 6). This is due to the fact that these joints have
high effective force due to the small effective lengths Li associated with them.
These trends will be investigated further in Design Case Study IV of Chapter
6 where we will investigate the how to obtain improved responsiveness of a
6-axis robotic manipulator.
4.4 Concluding Remarks
In this chapter, the mass, inertia and responsiveness of the actuators
were transformed to their effective values at the system output via the me-
chanical gains of the actuator transmissions and the effective mechanical gains
associated with the manipulator geometry. It was shown that the parameters
of the wrist actuators are critical to the overall effective mass due to the large
mass and inertia amplification factors associated with them. The analytic
formulations developed in this chapter are used in Chapter 6 to find the so-
lutions of various design case studied and the trade-offs between the solutions
are investigated.
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Figure 4.5. 6-DOF manipulator geometry.
Table 4.1. Values of effective lengths and mass and iner-
tia amplification factors for 6-DOF manipulator shown in
Figure 4.5.
Effective
Length (m)
Amplification Factors
Amai AIai Amli AIli
–
(
m−2
)
–
(
m−2
)
i = 1 1.171 0.000 0.854 0.084 0.854
i = 2 1.155 0.171 1.720 0.680 1.720
i = 3 0.808 1.217 2.957 1.609 2.957
i = 4 0.325 2.165 6.034 3.062 6.034
i = 5 0.316 2.159 9.199 3.562 9.199
i = 6 0.305 2.151 12.48 4.080 12.48
∗ The actuator and link inertia amplification factors, AIai and AIli are
equal since the local coordinate frames attached to actuators and links
are colinear.
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Table 4.2. Values of effective actuator force f effi (N) for
various actuator reduction ratios G¯i = g¯
−1
i and effective
lengths Li.
Effective
Length (m)
Reduction Ratio
1 5 10 15 20 25
1.171 4.9 24.8 49.6 74.4 99.2 124.0
1.155 5.2 26.2 52.5 78.8 105.1 131.4
0.808 7.1 35.9 71.9 107.8 143.8 179.7
0.325 17.8 89.3 178.7 268.1 357.5 446.9
0.316 18.3 91.9 183.8 275.7 367.7 459.6
0.305 19.0 95.2 190.4 285.7 380.9 476.2
Table 4.3. Values of effective actuator mass meffi (kg) for
various actuator reduction ratios G¯i = g¯
−1
i and effective
lengths Li.
Effective
Length (m)
Reduction Ratio
1 5 10 15 20 25
1.171 0.23 0.37 0.82 1.56 2.61 3.96
1.155 0.55 0.84 1.74 3.24 5.35 8.06
0.808 3.86 4.36 5.91 8.50 12.12 16.78
0.325 6.88 7.89 11.06 16.34 23.73 33.24
0.316 6.88 8.43 13.26 21.31 32.57 47.06
0.305 6.88 8.98 15.53 26.45 41.74 61.39
Table 4.4. Values of effective acceleration aeffi (ms
−2) for
various actuator reduction ratios G¯i = g¯
−1
i and effective
lengths Li.
Effective
Length (m)
Reduction Ratio
1 5 10 15 20 25
1.171 21.54 66.36 60.34 47.42 37.93 31.31
1.155 9.51 31.24 30.14 24.27 19.63 16.29
0.808 1.85 8.24 12.15 12.68 11.86 10.71
0.325 2.59 11.31 16.15 16.40 15.06 13.44
0.316 2.66 10.90 13.86 12.94 11.28 9.76
0.305 2.76 10.60 12.26 10.80 9.12 7.75
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Figure 4.6. Trends of the (a) effective force f effi , (b) ef-
fective mass meffi and (c) effective responsiveness a
eff
i of
the shoulder actuators (joints 1 and 2) and elbow actu-
ator (joint 3) with varying transmission reduction ratio
G¯i = g¯
−1
i .
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Figure 4.7. Trends of the (a) effective force f effi , (b) effec-
tive mass meffi and (c) effective responsiveness a
eff
i of the
wrist actuators (joints 4, 5 and 6) with varying transmis-
sion reduction ratio G¯i = g¯
−1
i .
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Chapter 5
Kinetic Energy Partition Values
In this chapter, a description of the Kinetic Energy Partition Values
(KEPV) of serial chain mechanisms, as well as their rates of change, are pre-
sented. The KEPVs arise from the partitioning of the mechanism’s kinetic
energy and correspond to the critical values of the kinetic energy ratios of the
actuators and links and are indicators of the kinetic energy distribution within
the system while the rates of change of the KEPVs indicate the sensitivity to
change of the location of that kinetic energy. A high value for the KEPV rate
of change together with a high operational state implies that the amount of
kinetic energy flowing in the system is large further implying a loss of precision
in the system due to large inertial torques being applied. The KEPVs and their
rates can be used to identify the actuators whose parameters (mass, inertia
and mechanical gain) greatly affect the overall distribution of kinetic energy
within the system thereby allowing the designer to optimize these actuators
to improve the performance of the overall mechanism. Two design criteria,
one based on the KEPVs and another based on their rates of change, are de-
veloped. These design criteria are indicators of both the dynamic isotropy of
the system as well as the amount of kinetic energy flow within the system. A
two degree-of-freedom (DOF) planar mechanism is used to demonstrate the
concepts and to verify the properties of the KEPVs and their rates. In Case
Study V of Chapter 6, a six-DOF spatial manipulator is used to illustrate the
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solution of a multi-criteria design optimization problem where two conflicting
criteria are considered; a KEPV criterion and an effective mass criterion. The
goal of the design problem is to demonstrate how the inertial parameters of
the actuators and the mechanical gains of the actuator transmissions alter the
kinetic energy of the system both in terms of its magnitude which is “mea-
sured” via the effective mass criterion and its distribution which is measured
via the KEPV criterion. It is demonstrated that the mechanical gains in the
actuators significantly influence the magnitude of the kinetic energy as well
as its distribution within the system due to the inertia amplification. The
KEPVs and their rates of change provide a novel new approach to analyzing
the dynamic character of serial chain mechanisms.
5.1 Background on Dynamic Characterization
In any mechanism, the amount of kinetic energy in the system is a very
important quantity to analyze. Since the inertial torques are directly related
to the rate of change of the kinetic energy, better design and operation of
complex mechanisms is achieved by having an understanding of how kinetic
energy is distributed along the mechanism structure as well as how kinetic
energy is flowing within it. This chapter examines the kinetic energy ratio
of a particular system component to the total kinetic energy in the mecha-
nism. The critical values of the kinetic energy ratios will be referred to as
kinetic energy partition values (KEPV) and they are indicators of how the
mass properties of a particular component affect the distribution of kinetic en-
ergy within the system [Benedict and Tesar, 1978]. The KEPVs can be used
to identify the component(s) whose mass properties significantly affect the ki-
netic energy distribution. In terms of design, this identifies the component(s)
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whose mass properties need to be optimized to improve the performance of
the system and in terms of operation, this identifies the component(s) whose
motion plan needs to be modified to reduce the joint loading. In addition,
a rapid change in the partition values signifies a rapid change in the forces
acting on that component and will result in a loss of precision due to inertia
force induced deformation [Tesar and Tosunoglu, 1992]. For this reason, it is
desirable to maintain the partition values as close to constant as possible.
In the literature, there are many performance measures used to char-
acterize the dynamic properties of robotic mechanisms. These include the
generalized inertia ellipsoid (GIE) [Asada, 1983], the dynamic manipulabil-
ity ellipsoid (DME) [Yoshikawa, 1985], the acceleration radius [Graettinger
and Krogh, 1988] and the dynamic conditioning index (DCI) [Ma and Ange-
les, 1990, 1993]. These performance measures have been used to determine
the mass properties of the system’s components to achieve a desired/required
level of dynamic performance. There are also works that address the need to
understand the trade-offs between the actuator parameters and the resulting
manipulator performance [Matone and Roth, 1998; Kovecses et al., 2001]. In
[Kovecses et al., 2001], for example, it is demonstrated via the DME that an
increase in the mechanical gains of the actuator’s transmissions does not corre-
spond to increased system responsiveness as one would expect since the motor
torque is amplified but could in fact cause the responsiveness to decrease.
This is due to the effective inertia matrix (or mass matrix) whose structure
is strongly influenced by the amplification of the actuator’s rotary inertia by
the reduction ratios. In general, serial chain mechanisms are highly nonlinear
systems whose inertial parameters are all highly coupled; that is, the mass and
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inertia of link k will produce an inertial load along/about axis i for all i ≤ k.1
Dynamic isotropy is achieved when there is a complete decoupling of the in-
ertial parameters in the robotic mechanism [Ma and Angeles, 1990]. Dynamic
isotropy in a mechanism is desired because it can greatly simplify the control
scheme required to operate the system and it implies that the non-linear load
terms (i.e. centrifugal and Coriolis load terms) in the dynamic model are re-
duced [Asada, 1983; Tourassis and Neuman, 1985] further implying that such
systems can be operated at high speeds.
In the sections below, two new criteria that can be used to optimize the
inertial properties of general serial chain mechanisms are presented. One crite-
rion is based on the KEPVs and it is used to investigate the dynamic isotropy
of the system while the other is based on the rates of change of the KEPVs
and it is used to investigate the sensitivity of kinetic energy flow within the
system. Since mechanical system design is a complex multi-criteria optimiza-
tion problem, the criteria formulated in this work should be used along with
other design criteria to achieve a more comprehensive design. In Design Case
Study V of Chapter 6, the design of a 6DOF Puma type manipulator is used
to illustrate a multi-criteria design optimization problem where the goal is to
demonstrate how the actuator prime mover and transmission masses/inertias
as well as the mechanical gains of the actuator transmissions can significantly
alter the kinetic energy distribution of the system as well as its effective mass.
1Unless otherwise specified, in this article the term “link” refers a composite body com-
posed of the actuator and link.
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5.2 Description of KEPVs
Consider a serial chain mechanism consisting of N axes as in Figure 5.1.
Let the velocity state ϕ˙ ∈ Φ˙ of the mechanism be such that ϕ˙ 6= 0 and Φ˙ ⊂ <N
is the set of joint speeds achievable by the mechanism’s actuators. Then the
ratio of the kinetic energy of link k to the total kinetic energy of the system,
denoted by Ek : Φ˙ 7→ <, can be defined as:
Ek (ϕ˙) =
KEk
KE
=
ϕ˙T I∗k ϕ˙
ϕ˙T I∗ϕ˙
(5.1)
where I∗k ∈ <N×N is the effective inertia matrix of link k, I∗ ∈ <N×N is the
effective inertia matrix of the entire system and ϕ˙ are the generalized speeds
of the system. The interested reader is referenced to Thomas and Tesar [1982]
for a detailed discussion on how the inertia matrices I∗k and I
∗ are determined.
The relationship between I∗k and I
∗ is
I∗ =
N∑
k=1
I∗k (5.2)
where I∗ is a symmetric, positive definite matrix that is dense for serial chain
mechanisms and I∗k is a symmetric, positive semi-definite matrix having a
non-zero upper block of size k × k as follows:
I∗k =

× × · · · × · · · 0
× × · · · × · · · 0
...
...
. . .
... · · · ...
× × · · · × · · · 0
...
...
...
... · · · ...
0 0 · · · 0 · · · 0

. (5.3)
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Figure 5.1. Serial chain manipulator.
The lower block of the I∗k matrix is zero because the mass and inertia of link
k does not affect the successive axes along the chain; that is, the mass and
inertia of link k does not produce a torque on axis i such that i > k for all i.
Eq. 5.1 is known as a generalized Rayleigh quotient and finding the
critical values (i.e. maximum and minimum values of Ek (ϕ˙) as well as the
values at saddle points) of the kinetic energy ratio is equivalent to finding
the eigenvalues of the corresponding generalized eigenvalue problem as follows
[Strang, 1988; Lay, 2000]:
γkI
∗ϕ˙ = I∗k ϕ˙. (5.4)
The eigenvalues, denoted by γk in Eq. 5.4, will be referred to as the kinetic
energy partition values (KEPV) and special properties of these values will be
given in the next section. Eq. 5.4 can be reduced to the standard eigenvalue
problem by multiplying both sides by (I∗)−1 yielding
γkϕ˙ = (I
∗)−1 I∗k ϕ˙ (5.5)
where (I∗)−1 always exists since I∗ is symmetric and positive definite for any
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position ϕ ∈ <N of the mechanism [Freeman and Tesar, 1988]. Note, how-
ever, that the matrix (I∗)−1 I∗k is not symmetric. To obtain a standard eigen-
value problem with a symmetric, positive semi-definite matrix which is de-
sired computationally [Demmel, 1997], consider the Cholesky decomposition
of I∗ = RTR where R ∈ <N×N is an upper-triangular matrix. This decom-
position can be achieved since I∗ is a positive definite matrix. Eq. 5.5 can
now be rewritten as Ax = γkx where x = Rϕ˙ and the matrix A = R
−T I∗kR
−1
is symmetric. To make the proofs of the properties of the γk values easier,
however, the non-symmetric eigenvalue problem shown in Eq. 5.5 will be used
throughout this work.
Since ϕ˙ 6= 0, this implies the matrix
[
γkIˆ − (I∗)−1 I∗k
]
is singular (or
equivalently rank deficient) meaning that
det
[
γkIˆ − (I∗)−1 I∗k
]
= 0 (5.6)
where det (·) denotes the determinant and Iˆ ∈ <N×N is the identity matrix.
Eq. 5.6 produces a polynomial of order N , where N is the number of degrees-
of-freedom of the system, in terms of γk and the roots of this polynomial
correspond to the eigenvalues of Eq. 5.5. As aforementioned, these eigenvalues
correspond to the critical values of the kinetic energy ratio Ek (ϕ˙). For a
particular link k, there will be N kinetic energy partition values associated
with it and noting the structure of I∗k as shown by Eq. 5.3, (N − k) of these
partition values will be zero and the other k partition values will, in general,
be non-zero. Hence, for link k a set of N partition values, denoted by Γk ∈ <N ,
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is obtained as follows:
Γk =

γ1k
...
γkk
0
...
0

. (5.7)
Again, the (N − k) zero partition values arise due to the fact that the mass
and inertia of link k does not produce an inertial torque on axis i for all i > k.
Considering the partition values for all N links we obtain an upper-triangular
matrix, denoted Γ ∈ <N×N :
Γ =

γ11 γ
1
2 · · · γ1N
0 γ22 · · · γ2N
...
...
. . .
...
0 0 · · · γNN
 . (5.8)
In the partition value matrix Γ above, each column is associated with a par-
ticular link and each row is associated with a particular axis. Hence, the (i, k)
element, that is γik, corresponds to the kinetic energy partition value of link
k associated with axis i. Special properties of this matrix and its individual
elements are discussed next.
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5.2.1 Properties of KEPVs
First, consider the sum of all the kinetic energy ratios Ek (ϕ˙). It is
easily shown through the application of Eq. 5.2 that
N∑
k=1
Ek (ϕ˙) = 1 (5.9)
for all ϕ˙ ∈ Φ˙ which is in accordance with physical intuition since the sum of
the kinetic energies associated with each link should equal the total kinetic
energy of the mechanism.
Let γmink and γ
max
k be smallest and largest eigenvalues and let θ˙
min
k and
θ˙maxk be the associated eigenvectors. Then by Rayleigh’s principle [Strang,
1988], E
(
θ˙mink
)
= γmink and E
(
θ˙maxk
)
= γmaxk and, in general, by the Rayleigh-
Ritz inequality [Rugh, 1995] γmink ≤ Ek (ϕ˙) ≤ γmaxk for all ϕ˙ ∈ Φ˙. This means
that kinetic energy ratio of each link k is bounded between the associated
smallest and largest kinetic energy partition values for all achievable non-zero
velocity states of the mechanism. Let γintk be any intermediate eigenvalue
(that is, γmink ≤ γintk ≤ γmaxk ) and let θ˙intk be it’s associated eigenvector. Then,
Ek
(
θ˙intk
)
= γintk corresponds to the value of the kinetic energy ratio at the
saddle point θ˙intk .
2
It will be shown next that each partition value is bounded by 0 ≤ γik ≤ 1
for all i and k and, therefore, the kinetic energy ratio is also bounded by
0 ≤ E (ϕ˙) ≤ 1 for all ϕ˙ ∈ Φ˙. The matrix (I∗)−1 I∗k is positive semi-definite
since I∗ is positive definite meaning (I∗)−1 is also positive definite and I∗k
2An investigation of the effects on the inertial torques acting on the mechanism when the
velocity state is chosen such that ϕ˙ is an eigenvector of Ek (ϕ˙) will be discussed in future
work.
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is positive semi-definite matrix. Since the matrix (I∗)−1 I∗k is positive semi-
definite, 0 ≤ γik for all i and k. Also by Eq. 5.9, γik ≤ 1 meaning that 0 ≤ γik ≤ 1
for all i and k. In addition, note that γkk 6= 0 for all k as γkk = 0 would imply
that link k is massless.
5.2.2 Design Criterion Using KEPVs
A useful criterion for design using the kinetic energy partition values is
det (Γ) =
N∏
k=1
γkk (5.10)
where the determinant is the product of the diagonal elements since the matrix
Γ has an upper triangular structure. Since 0 < γkk ≤ 1 for all k, the KEPV
criterion given in Eq. 5.10 is bounded by 0 < det (Γ) ≤ 1 where the lower
limit is not possible (i.e. det (Γ) 6= 0) because this would imply link k is
massless. As det (Γ)→ 1, the system’s inertial parameters become completely
decoupled (dynamic isotropy achieved); that is, link k will never produce an
inertial torque about axis i for all i 6= k. As det (Γ) → 0, on the other hand,
the system’s inertial parameters become highly coupled. Hence, the designer’s
goal is to make det (Γ) as close to 1 as possible.
The KEPV criterion is also useful for control applications since if the
system is operated with det (Γ) close to 1, then the coupling inertial torques
are minimized. This would be particularly useful for tasks requiring high speed
operation or high accelerations. A caveat is that since determining the Γ ma-
trix requires the computation of N eigenvalue problems of order N at each
iteration, using this criterion for real-time control could prove computation-
ally cumbersome. However, if the operation of the system to execute a task
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is determined prior to execution, then the motion plan of the system can be
determined for improved system operation. Although the computational as-
pects of evaluating the criterion are beyond the scope of this work, a warning
is nonetheless provided.
5.3 Description of KEPV Rates
Another useful indicator for the kinetic energy distribution in the sys-
tem is the rate of change of the partition value with respect to an input po-
sition. This parameter indicates the sensitivity of kinetic energy within the
system to changes in the system position. Large values indicate that a high
transfer of energy is possible and, therefore, the inertial torques acting on the
system can greatly vary causing a significant deformation and a loss of preci-
sion. Notice that we say that a “high transfer of energy is possible” because
the energy flow in the system depends on both the partition value rates as well
as the operational state of the system.
Begin by taking the derivate of both sides of Eq. 5.4 with respect to
the input parameter ϕj:
∂
∂ϕj
(
γikI
∗ϕ˙
)
=
∂
∂ϕj
(I∗k ϕ˙) (5.11)
which yields (
∂γik
∂ϕj
I∗ + γik
∂I∗
∂ϕj
)
ϕ˙ =
∂I∗k
∂ϕj
ϕ˙. (5.12)
Applying Eq. 5.5 and letting
jξik =
∂γik
∂ϕj
, jP ∗k =
∂I∗k
∂ϕj
, jP ∗ =
∂I∗
∂ϕj
(5.13)
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yields the following expression for the rates of change of the KEPVs
jξikϕ˙ = (I
∗)−1
[
jP ∗k − jP ∗ (I∗)−1 I∗k
]
ϕ˙ (5.14)
where jP ∗k ,
jP ∗ ∈ <N×N are the inertia power matrices corresponding to the
rate of change of the inertia matrices of link k and of the total system, re-
spectively, with respect to the input parameter ϕj Thomas and Tesar [1982].
The matrix jP ∗k has the same structure as the matrix I
∗
k given in Eq. 5.3 and,
similarly, jP ∗ has the same structure as I∗. That is, jP ∗k has a k× k non-zero
upper block and jP ∗ is a dense matrix.
Like for the partition values, N partition value rates for each link are
obtained as follows:
jΞk =

jξ1k
...
jξkk
0
...
0

(5.15)
and considering all N links the following matrix is obtained
jΞ =
∂Γ
∂ϕj
=

jξ11
jξ12 · · · jξ1N
0 jξ22 · · · jξ2N
...
...
. . .
...
0 0 · · · jξNN
 . (5.16)
The matrix jΞ ∈ <N×N contains the rates of change of the KEPVs with
respect to the input parameter ϕj (i.e. the sensitivity to a change in position).
Specifically, the (i, k) element of jΞ corresponds to the rate of the partition
value of link k associated with axis i. Considering the rates of change of the
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partition values with respect to each of the input parameters will yield N of
these Ξ matrices, one for each input position of the system.
5.3.1 Design Criterion Using the KEPV Rates
A useful design criterion using the kinetic energy partition value rates
is
tr
(
jΞ
)
=
N∑
k=1
jξkk (5.17)
where tr (·) denotes the trace of the matrix (i.e. sum of diagonal elements).
The reason the trace is chosen instead of the determinant is because jξik can
have both positive and negative values. If |tr (jΞ)| is large, then the energy
transfer within the system components due to a change in position ϕj is large.
If tr (jΞ) = 0, on the other hand, implies that there is no energy transfer
among the system components due to a change in ϕj. Hence, the goal of the
designer is to make tr (jΞ) as close to 0 as possible for all ϕj.
Like the KEPV criterion, this criterion can also be used to control a
system or to plan a motion program prior to task execution. In these situ-
ations, if the partition values are being computed, then a finite-differencing
scheme can be used to approximate the partition value rates assuming small
time steps. This will eliminate the need for computing the N2 eigenvalue prob-
lems required to determine all the jξik values (in addition to the N eigenvalue
problems required to determine all the γik values).
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Figure 5.2. Two-DOF serial mechanism.
Table 5.1. Two-DOF system parameters. Mass has units
of kg, inertia has units of kg ·m2 and length has units of
m.
Parameter Axis 1 Axis 2
Link
Mass 20 10
Inertia 9 4
CG Location 0.4 0.3
Length 0.8 0.5
Act. Mass 10 5Rotor Inertia 2.5e-3 2.5e-4
5.4 KEPVs for a 2DOF System
In the previous sections, the KEPV and their rates of change were for-
mulated for any general serially-linked mechanism. In this section, a 2DOF
planar mechanism is used to illustrate the computations of these parame-
ters. The 2DOF mechanism is also used to illustrate the solution process of
a multi-objective optimization problem. Figure 5.2 shows the system under
consideration and the parameters of this system are given in Table 5.1.
The total effective inertia matrix for any system can be written as
I∗ = AI∗ + LI∗ (5.18)
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where AI∗ is the effective inertia matrix associated with the actuators and LI∗
is the effective inertia matrix associated with the links. For this simple system,
the effective inertia matrices of the links are
LI∗1 =
[
LI1 +
Lm1a
2
1 0
0 0
]
(5.19)
LI∗2 =
[(
LI∗2
)
11
(
LI∗2
)
12(
LI∗2
)
21
(
LI∗2
)
22
]
(5.20)
where a1 and a2 locate the center-of-gravity of the links, l1 and l2 are the link
lengths and (
LI∗2
)
11
= LI2 +
Lm2
(
l21 + a
2
2 + 2l1a2cos (ϕ2)
)
(5.21)(
LI∗2
)
12
= LI2 +
Lm2l1a2cos (ϕ2) +
Lm2a
2
2 (5.22)(
LI∗2
)
11
= LI2 +
Lm2
(
l21 + a
2
2 + 2l1a2cos (ϕ2)
)
(5.23)(
LI∗2
)
22
= LI2 +
Lm2a
2
2. (5.24)
The effective inertia matrices of the actuators are
AI∗1 =
[
AI1 0
0 0
]
(5.25)
AI∗2 =
[
AI2 +
Am2l
2
1
AI2
AI2
AI2
]
(5.26)
where the actuators are centered about the joint axes of motion. Also, let
AI1 =
A IM1 G
2
1,
AI2 =
A IM2 G
2
2 (5.27)
where AIMk and Gk are the rotary inertia of the motor and the gear train
reduction ratio, respectively, of actuator k. It should be noted that for a large
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Figure 5.3. Plots of kinetic energy partition values with
respect to (a) joint position ϕ2 and (b) reduction ratio G1.
reduction ratio, the motor inertia of the actuator dominates that of the link.
The kinetic energy partition value matrix Γ and the two partition value
rate matrices 1Ξ and 2Ξ for are as follows:
Γ =
[
γ11 γ
1
2
0 γ22
]
, 1Ξ =
[
1ξ11
1ξ12
0 1ξ22
]
, 2Ξ =
[
2ξ11
2ξ12
0 2ξ22
]
. (5.28)
Furthermore, as can be seen from Eq. 5.19 and Eq. 5.25, the effective inertia
matrix is independent of ϕ1 (kinetic energy of the system is independent of
ϕ1) meaning that
1ξ11 = 0 which further implies that
1ξ12 = 0. Hence, only ϕ2
affects the inertial energy flow within the system.
Figures 5.3(a) and 5.4(a) show the plots of the KEPVs and their rates
for 0◦ ≤ ϕ2 ≤ 180◦ and G1 = G2 = 1. These plots show how energy is flowing
within the system. Figures 5.3(b) and 5.4(b) show the plots of the KEPVs
and their rates for 1 ≤ G1 ≤ 200, G2 = 1 and ϕ2 = 0◦. As can be seen,
as G1 increases the KE content of rigid body 1 completely dominates that of
rigid body 2. Also, the amount of kinetic energy flow within the system is
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Figure 5.4. Plots of kinetic energy partition value rates
with respect to (a) joint position ϕ2 and (b) reduction ratio
G1.
minimized since the KE content of rigid body 2 is very small compared to
rigid body 1. Note that rigid body denotes both the link and actuator.
5.4.1 Design of 2DOF System
The 2DOF system is also used to demonstrate a design optimization
problem where the goal is to maximize the kinetic energy partition value cri-
terion, maximize force capability and minimize effective mass of the system.
The gear reduction ratios of the actuators, G1 and G2, are the design variables
under consideration to achieve this optimization. One of the main goals of this
design example is to demonstrate how the reduction ratios greatly affect the
kinetic energy distribution within the system and thus the partition values.
The force capability of the 2DOF system is estimated by [Rios and
Tesar, 2007]
F = min
(
τM1 G1
L¯1
,
τM2 G2
L¯2
)
(5.29)
where τMk is the motor torque of actuator k and L¯k is the distance from actuator
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Table 5.2. Design problem results for various weighting
schemes.
wγ wf wm G1 G2 det (Γ) F (N) M(kg)
1 1.00 0.00 0.00 200 1 0.92 2.5 190.3
2 0.00 1.00 0.00 50 100 0.66 50 43.83
3 0.00 0.00 1.00 1 1 0.56 2.5 34.45
4 0.33 0.33 0.33 70 100 0.72 50 53.20
5 0.60 0.20 0.20 130 100 0.85 50 100.1
6 0.20 0.60 0.20 70 100 0.72 50 53.20
7 0.20 0.20 0.60 50 100 0.66 50 43.83
k to the tool-point of the manipulator. The effective mass of the system is
estimated by [Khatib, 1995]
M = min
tˆ
tˆTJ (I∗)−1 JT tˆ (5.30)
where minimization is about all task-space directions tˆ ∈ <3 and
J =
[
−l1sin (ϕ1)− l2sin (ϕ1 + ϕ2) − l2sin (ϕ1 + ϕ2)
l1cos (ϕ1) + l2cos (ϕ1 + ϕ2) l2cos (ϕ1 + ϕ2)
]
(5.31)
is the Jacobian matrix of the 2DOF system.
The weighted-sum, multi-criteria optimization problem considered is as
follows:
(G∗1, G
∗
2) = max
(G1,G2)
wγ
det (Γ)
Pˆγ
+ wf
F
Fˆ
− wmM
Mˆ
(5.32)
where wγ, wf and wm are weighting factors such that wγ + wf + wm = 1
and Pˆγ, Fˆ and Mˆ are normalization factors. Since effective mass is to be
minimized, a negative sign is placed in front of the effective mass term in
Eq. 5.32. In addition, the reduction ratios are constrained to 1 ≤ G1 ≤ 200
and 1 ≤ G2 ≤ 100 where a value of 1 corresponds to a direct-drive actuator.
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Figure 5.5. Design surfaces of (a) kinetic energy partition
value criterion, (b) force capability, (c) effective mass and
(d) combination of all criteria with wγ = wf = wm = 0.33.
Table 5.2 shows the results of the design optimization problem for var-
ious weighting schemes. For Case 1 when all the emphasis is placed on maxi-
mizing the kinetic energy partition value criterion, the partition value criterion
is close to 1 (det (Γ) = 0.92) meaning that the system is almost decoupled as
can be seen from the effective inertia matrix:
I∗ =
[
126.7 4.9
4.9 4.9
] (
kg m2
)
. (5.33)
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Also, the force capability is low (F = 2.5N), the effective weight is high
(M = 190.3kg), G1 is at it’s upper limit and the optimal value is relatively
insensitive to G2 (see Figure 5.5(a)). For Case 2 when all the emphasis is
placed on maximizing force, the partition value criterion is det (Γ) = 0.66,
force capability is maximized (F = 50N) and effective mass is M = 43.83kg.
For Case 3 when all the emphasis is placed on minimizing effective mass, the
KE partition value criterion is det (Γ) = 0.56 meaning the system is more
coupled compared to Case 1 as seen from the effective inertia matrix:
I∗ =
[
14.5 4.9
4.9 4.9
] (
kg m2
)
. (5.34)
Also for Case 3, the force capability is F = 2.5N and the effective mass is
minimum (M = 34.45kg) since both reduction ratios are 1 (i.e. no inertia
amplification). Case 3 produces a direct-drive manipulator (i.e. manipulator
whose motors drive the joints directly) intended for high speed operation (since
motor speeds are not reduced by reduction ratios) whereas Case 1 produces
a manipulator intended for lower speed operation. Notice the difference in
structure between the effective inertia matrices of Case 1 (Eq. 5.33) and Case
3 (Eq. 5.34). In Case 1 where G1 is high, there is high inertia about axis 1 and
little inertia about axis 2. This decoupling of the inertial parameters is shown
by det (Γ) = 0.92 being close to 1. In Case 3 where G1 is low, the inertias are
more evenly distributed as shown by det (Γ) = 0.56.
As can be seen from the results in Table 5.2, as G1 increases, all three
design criteria increase implying that there is a trade-off between the level
of inertial coupling between the system components and the effective mass of
the system (i.e. higher decoupling means higher force capability and higher
effective mass). It should be noted that the effective mass design criterion is
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considered in this design example to take into account the “magnitude” of the
effective inertia matrix. The kinetic energy partition value design criterion, on
the other hand, takes into account the distribution of the parameters within
the inertia matrix. A design like Case 4 where all three design criteria are
weighted equally reaches a good balance between the three design criteria.
Figure 5.5(d) shows the design surface for the equal weighting scheme of Case
4 over the design space (i.e. 1 ≤ G1 ≤ 200 and 1 ≤ G2 ≤ 100). Notice how
the trade-offs between the multiple design criteria influence the optimal value.
This simple example demonstrates the importance of determining the optimal
gear ratios to achieve an optimal balance in the energy distribution of the
system.
5.5 Concluding Remarks
In this chapter, the KEPVs and their rates of change were presented
for serial chain mechanisms. Two design criteria were developed based on
these energy ratios which can be used to investigate the dynamic isotropy
and the amount of kinetic energy flow within the mechanism. The 2DOF
case study was used to demonstrate the concepts introduced and verify the
properties of the KEPVs and their rates. The purpose of the design problem
was to demonstrate how the inertial parameters of the actuators along with
the mechanical gains of the actuator transmissions alter the kinetic energy of
the system both in terms of its magnitude which is measured via the effective
mass criterion and its distribution which is measured via the KEPV criterion.
The results obtained for this work show promising results to the appli-
cation of KEPVs and their rates to the problem of design. There are other
areas of interest that can be considered in future work. First, the formulation
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presented here for serial, open-loop mechanisms should be extended to closed-
loop and hybrid mechanisms. To illustrate the need for these formulations,
consider a legged locomotion mechanism where an one instant the system is a
closed chain (both legs down) and in another it is an open chain (one leg up).
The KEPVs can be used to plan optimal movements of these complex mecha-
nisms. Second, research should be conducted to demonstrate how the KEPVs
and their rates can be used to intelligently plan a motion program for the sys-
tem especially for high-speed tasks and, additionally, schemes implementing
KEPVs to select optimal null-space motions under situations involving redun-
dant actuation should be developed. Finally, kinetic energy is only part of
the total energy of the system. The role of potential energy and it’s configu-
ration dependent effects should be addressed. In addition, sources of energy
dissipation should also be addressed.
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Chapter 6
Design Case Studies
In this chapter, several case studies will be presented to illustrate how
the analytical formulations developed in the previous chapters can be used
to address a wide variety of design problems in distinct application domains.
These case studies will allow us to develop design guidelines for each of the
application domains. The five case studies are:
• Case Study I: Analysis of Actuator Gain Distributions
The goal is to study various mechanical gain distributions of the actua-
tor transmissions and observe how these distributions affect the overall
performance capability of the system.
• Case Study II: Configuration Management
The goal is to demonstrate the mechanics of the solution process of
a configuration management problem when implementing the analytic
developments of this work. Another goal is to study the distribution of
the actuator parameters for various force levels when considering force
and speed.
• Case Study III: Designing for Human-Robot Interactions
The goal is to study the trade-offs when the design objectives are to
improve accuracy and reduce the effective mass of the system.
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• Case Study IV: Designing for Responsiveness
The goal is to maximize the responsiveness of the system by modifying
the inertial, force and gain parameters of the actuators.
• Case Study V: Dynamic Characterization
The goal is to study distribution of the inertial parameters (as well as
the mechanical gain of the actuator transmissions) and the trade-offs
between the dynamic isotropy (i.e. inertial coupling) and the overall
effective mass of the system.
In the design case studies presented below, it should be noted that the
trends observed are impacted by both the geometry of the system as well as
the parameters of the actuators. The system geometry is a six-axis, PUMA-
type manipulator with an articulated wrist which is representative of most
geometries found in industrial manipulator arms (see Figure 6.3). Some of the
parameters used are obtained from commercially available actuators (such as
the PowerCubeTM modules obtained from Amtec Robotics [2007b]) and the
parameters of the other actuator modules are obtained from the actuator de-
sign work of the University of Texas Robotics Research Group (UTRRG). The
UTRRG actuators are designed based on the parametric electro-mechanical
actuator design methodology developed by Vaculik and Tesar [2008] which
exploits the architecture of electro-mechanical actuators to obtain optimum
performance from the smallest possible package (volume).1
1The volume enclosed by the actuator module should be minimized to reduce weight and
thus improve the performance of the manipulator housing it and to improve the kinematic
and dynamic dexterity of the overall mechanism.
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6.1 Case Study I: Analysis of Actuator Gain Distribu-
tions
In this section, the distribution effects of the dominant parameter g¯i,
the mechanical gain of the actuator transmission, along the effective length Li
of a serial robotic manipulator are analyzed. Understanding the role of this
gain parameter is critical since it affects how all the other actuator parameters
(speed, torque, stiffness, etc.) are distributed along the manipulator length
as described in Chapter 3 and, therefore, dictates the overall performance ca-
pabilities of the manipulator system. The reader should note that there are
many possible actuator parameter distributions, but as described in Chapter
3, some of these distributions are not beneficial to the overall design. For
example, recall that the Li corresponding to the wrist actuators are usually
small, meaning that to best control/influence the speed capability of the ma-
nipulator, the wrist actuators should exhibit higher joint speed than shoulder
actuators (relative to a desired/required task speed). That means that the
wrist actuators should have a higher gain value (lower reduction ratio) while
the shoulder actuators should have a lower gain value (higher reduction ratio).
The goal is to govern the choice of g¯i by our existing knowledge of Li;
that is, we want to select the value of each g¯i according to the value of the
effective length Li where the Li’s can be computed for a given manipulator
geometry. Consider that each g¯i is chosen as follows
g¯−1i = κL
p
i (6.1)
where p ∈ {0, 1, 2, 3} and κ is a positive proportionality constant. This means
that g¯i is chosen as a nonlinear inverse of Li. Hence, the shoulder actuator
has a higher reduction ratio (lower value of g¯i) to accommodate the larger Li
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Figure 6.1. Distribution of actuator gain functions.
value associated with it as discussed above. The reader should note that p = 0
corresponds to a constant distribution, p = 1 a linear distribution, p = 2 a
quadratic distribution and p = 3 a cubic distribution (see Figure 6.1). By
selecting each g¯i according to Eq. 6.1, we wish to conceptually investigate the
distribution effects of the actuator mechanical gains.
Substituting Eq. 6.1 into the speed, force and accuracy relationships
given by Eqs. 3.4, 3.10 and 3.29, respectively, yields:
U˙ =
N∑
i=1
ωMi
κ
L1−pi (6.2)
F = κτMi L
p−1
i (6.3)
∆X =
N∑
i=1
{
εiL
1−p
i
κ
+
ftˆ
κKi
L
2(1−p)
i
}
(6.4)
where we use the symbols U˙ , F and ∆X to denote the bounds on these pa-
rameters (see Chapter 3 for details). Based on these relationships, the effects
of the actuator gains on the performance characteristics of the manipulator,
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and, therefore, its application domain will be conceptually investigated. It will
be shown that the actuator gain distribution fundamentally characterizes the
performance of these systems. The reader should note that the observations
made in the sections below are made relative to some desired/required task
specifications.
6.1.1 Constant Distribution
For the constant distribution case p = 0, the above relationships, Eqs.
6.2, 6.3 and 6.4 become
U˙ =
N∑
i=1
ωMi
κ
Li (6.5)
F =
κτMi
Li
(6.6)
∆X =
N∑
i=1
{
εi
κ
Li +
ftˆ
κKi
L2i
}
(6.7)
From these relationships, we can deduce that the mechanical gain of the ma-
nipulator Li dominates the gain of the actuators g¯i meaning that in order to
best control/influence the speed, force and accuracy of the system, high motor
speeds are needed at the wrist and high motor torques and stiffness are needed
at the shoulder.
A direct-drive manipulator as described by [Asada and Kanade, 1983]
is a special case of the constant actuator gain distribution case where p = 0
and κ = 1 (i.e. all actuator gains are one). As discussed by the authors,
and as observed by the relationships above, a direct-drive arm requires high
torque motors. This implies that the shoulder and elbow actuators become
unusually large and heavy meaning that the manipulator consumes a large
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Figure 6.2. Six-DOF manipulator composed of
PowerCubeTM actuators
portion of its workspace volume (i.e. has low dexterity). Also, since direct-
drive actuators have low stiffness, the direct-drive manipulator also has low
stiffness (and, therefore, experiences high deformations under loads) making
this type of manipulator ideal for human-robot interactions where the emphasis
is on safety (i.e. responsiveness to human needs without creating large forces)
but ill-equipped for most all other applications.
The application spectrum for the case of p = 0 can be improved by using
actuators with a higher reduction ratio; for example 10 : 1 (i.e. g¯i = κ = 10
for all i). Using a higher reduction ratio makes the system more lightweight
and compact as shown in Figure 6.2 with improved force capability [Tesar,
2006] where the force capability of such manipulators depends on the value
of the reduction ratio used as well as the torque capacity of the actuators.
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Note that using high reduction ratios would improve the force capability, but
would also increase the reflected actuator inertia of the system which could be
hazardous to the operator [Zinn et al., 2003]. Hence, it is recommended that
for human-robot interactions such as for payload assistance or rehabilitation,
the reduction ratios should be kept low (see Case Study III).
Gain Distribution Guideline 1: The mechanical gains associated with the
manipulator geometry Li dominates the mechanical gains of the actuator trans-
missions g¯i in a serial chain manipulator having a constant actuator gain dis-
tribution (p = 0). Therefore, high motor speeds at the wrist and high motor
torques and stiffness are needed at the shoulder to best control/influence the
speed, force and accuracy of the system.
6.1.2 Linear Distribution
For the linear case p = 1, Eqs. 6.2, 6.3 and 6.4 reduce to
U˙ =
N∑
i=1
ωMi
κ
(6.8)
F = κτMi (6.9)
∆X =
N∑
i=1
{
εi
κ
+
ftˆ
κKi
}
(6.10)
From these relationships, the speed, torque and stiffness of the actuators have
equal influence on the end-effector speed, force and error. That is, the me-
chanical gain of the actuators directly balances the mechanical gain of the
manipulator. This corresponds to a manipulator having high speed (since the
motor speeds are not reduced by the actuator g-function), low force (since the
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motor torques are not amplified) and low stiffness. As can be seen, for this
type of actuator gain distribution there is little benefit in trying to improve
the force capability or stiffness characteristics and, therefore, this type of ma-
nipulator should be designed with slim, high speed and low torque actuators
to minimize the weight of the overall system. This further implies that the ma-
nipulator is long and slim with high dexterity since the actuators are relatively
compact. Hence, the speed, torque and stiffness (as well as weight) distribu-
tions of a manipulator with this type of actuator gain distribution should be
fairly uniform relative to Li, the effective distance of the actuator from the
tool-point.
Gain Distribution Guideline 2 The mechanical gains of the actuator trans-
missions g¯i balance the mechanical gains associated with the manipulator geom-
etry Li in a serial chain mechanism having a linear actuator gain distribution
(p = 1). Therefore, a manipulator with this type of actuator gain distribution
should be equipped with compact actuator meaning that the manipulator is long
and slim with high dexterity.
6.1.3 Quadratic Distribution
For the quadratic case p = 2, Eqs. 6.2, 6.3 and 6.4 reduce to
U˙ =
N∑
i=1
ωMi
κLi
(6.11)
F = κτMi Li (6.12)
∆X =
N∑
i=1
{
εi
κLi
+
ftˆ
κKiL2i
}
(6.13)
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From these relationships, the speed, torque and stiffness of the actuators do
not have an equal influence on the manipulator capabilities as was the case for
the linear distribution case; in fact, the actuator gains begin to dominate the
manipulator gains. For a quadratic distribution, the motor speeds are reduced
and the motor torques are amplified by the mechanical gain of the actuators
and the tool-point loading is reduced thus reducing the overall error of the
manipulator. For this type of actuator gain distribution, the force capability
can be improved by increasing the torque of the shoulder and there is little
benefit to having high torque in the wrist actuators since Li is small for these
actuators. Hence, this type of manipulator exhibits medium speed, medium
force and medium stiffness and the weight distribution is skewed toward the
base (i.e. the shoulder actuators are larger than the wrist actuators).
Gain Distribution Guideline 3 The mechanical gains of the actuator trans-
missions g¯i begin to dominate the mechanical gains associated with the manip-
ulator geometry Li in a serial chain mechanism having a quadratic actuator
gain distribution (p = 2). Therefore, a manipulator with this type of actuator
gain distribution exhibits medium speed, medium force and medium stiffness
and the weight distribution is skewed toward the base.
6.1.4 Cubic Distribution
Finally, for the cubic case p = 3, Eqs. 6.2, 6.3 and 6.4 reduce to
U˙ =
N∑
i=1
ωMi
κL2i
(6.14)
F = κτMi L
2
i (6.15)
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∆X =
N∑
i=1
{
εi
κL2i
+
ftˆ
κKiL4i
}
(6.16)
As can be seen from the above relationships, the actuator gains completely
dominate the manipulator gains and, therefore, for this type of actuator gain
distribution, the manipulator exhibits very low speed, high force and high
stiffness (i.e. high accuracy for a given applied load) and has rugged actuators
at its shoulder. Hence, this type of distribution is ideal for high force and
precision manipulation tasks under disturbances.
Gain Distribution Guideline 4 The mechanical gains of the actuator trans-
missions g¯i completely dominate the mechanical gains associated with the ma-
nipulator geometry Li in a serial chain mechanism having a cubic actuator
gain distribution (p = 3). Therefore, a manipulator with this type of actuator
gain distribution is ideal for high force and precision manipulation tasks under
disturbances.
6.1.5 Gain Distribution Conclusions
The goal of this case study was to investigate the effects of the distri-
bution of the dominant mechanical gain parameter g¯i of the actuator trans-
missions on the performance characteristics (and, therefore, the application
domain) of serial robotic manipulators. It was demonstrated that this gain
distribution dominates the characterization of the performance of these sys-
tems. Specifically, it was shown that for constant distributions (p = 0), the
effective manipulator gains Li dominate the actuator gains g¯i producing a
robot exhibiting high speed and low torque and stiffness. The direct-drive
manipulator was shown to be a special case of the constant ratio distribution.
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For linear distributions (p = 1), the actuator gains balance the effects of the
manipulator gains producing a robot exhibiting high speed, low force and low
stiffness (and thus low accuracy) that is slim and has a uniform weight dis-
tribution. On the other hand, for cubic distributions (p = 3), it was shown
that the actuator gains dominate the manipulator gains producing a robot
exhibiting low speed, high force and high stiffness (and thus high accuracy)
that has rugged, high torque actuators at its base and has a skewed weight
distribution (skewed toward the base).
6.2 Case Study II: Configuration Management
The goal of this case study is to provide a design example to configure
a 6DOF Puma-style robotic manipulator2 as shown in Figure 6.3 (DH pa-
rameters given in Table 6.1) from a finite set of actuator modules such that
the system meets a specified level of force and speed while exhibiting mini-
mum weight (the methodology for determining a solution would not change if
multiple objective constraints such as accuracy were added). This restricted
case study will also allow us to investigate the weight distribution along the
manipulator length for increasing force levels.
2This manipulator will be used for the rest of the case studies of this chapter.
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Table 6.1. DH parameters of 6-DOF, PUMA-type manip-
ulator.
i αi−1 ai−1 di ϕi
1 0◦ 0 0 ϕ1
2 −90◦ 0 l1 ϕ2
3 0◦ l2 0 ϕ3
4 −90◦ 0 l3 ϕ4
5 90◦ 0 0 ϕ5
6 −90◦ 0 lT ϕ6
The configuration management problem can be written as:
x∗ = min
N∑
i=1
mi
s.t.
f task
tˆ
≤ ftˆ
u˙task
tˆ
≤ u˙tˆ
x ∈ X = {(g¯i, τMi , ωMi ,mi) : i = 1, ..., N}
(6.17)
where wi is the weight of actuator i and x
∗ corresponds to the manipulator
configuration exhibiting the required force and speed levels with minimum
weight. For the examples presented below, the geometry of the system will
be invariant. Note, however, that if the link lengths are modified, then the
Li values (which are computed based on the translational Jacobian matrix)
would change.
Two sets of actuator modules will be considered. First, a set of com-
mercially available actuator modules intended for light-duty force applications
will be considered. These modules are called PowerCubesTM and are avail-
able from Amtec Robotics GmbH [Amtec Robotics, 2007b]. The second set
of actuator modules are intended for medium to heavy-duty applications and
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Figure 6.3. Six-DOF PUMA-type manipulator.
were designed at the University of Texas at Austin Robotics Research Group
(UTRRG) [Tesar, 2007a]. In both of these examples, the effective manipulator
gain values are as follows (units of m): L1 = 1.171, L2 = 1.155, L3 = 0.808,
L4 = 0.325, L5 = 0.316 and L6 = 0.305.
6.2.1 Light-Duty Application
For this example, the three PowerCubeTM actuator modules will be
used (see Table 6.2 for the actuator weight, motor torque and motor speed
values). Note that each module can be equipped with a 51 : 1 (A), a 101 : 1 (B)
or a 161 : 1 (C) transmission reduction ratio3 making the number of actuators
3According to PowerCubeTM specifications, changing the transmission reduction ratio
will not change the weight of the overall actuator as given in Table 6.2.
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Table 6.2. PowerCubeTM motor torque (Nm), motor speed
(rpm) and actuator weight (kg) values [Amtec Robotics,
2007b].
Module Torque Speed Weight
PR070 0.143 4000 1.7
PR090 0.447 4000 3.4
PR110 0.882 4000 5.6
Table 6.3. Effective tool-point force (N) of PowerCubeTM
actuators.
Module J1 J2 J3 J4 J5 J6
PR070A 6 6 9 22 23 24
PR070B 12 13 18 44 46 47
PR070C 20 20 28 71 73 75
PR090A 20 20 28 70 72 75
PR090B 39 39 56 138 143 148
PR090C 61 62 89 221 228 236
PR110A 38 39 56 138 142 147
PR110B 76 77 110 274 282 292
PR110C 121 123 176 437 449 466
to choose from 3× 3 = 9. Hence, actuator PR090B corresponds to the PR090
module with a 101 : 1 reduction ratio. In addition, since there a total of 9
actuator choices and the system has 6DOF, there are a total of 96 = 531, 441
possible manipulator configurations to choose from (i.e. the size of the design
space X is 531, 441). The design space for the configuration management
problem is exponential in terms of the number of actuator modules and system
DOF [Ambrose, 1991; Farritor and Dubowsky, 2001; Rios et al., 2007].
Tables 6.3 and 6.4 shows the effective values of the motor torque and
speed, respectively, at the system output; that is, each column contains fi =
τMi (g¯iLi)
−1 and u˙i = ωMi g¯iLi. For example, if the PR090A module is used
to actuate the first joint, then the effective value of the motor torque at the
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Table 6.4. Effective tool-point speed (ms−1) of
PowerCubeTM actuators.
Module J1 J2 J3 J4 J5 J6
PR070A 9.6 9.5 6.7 2.7 2.6 2.5
PR070B 4.9 4.8 3.4 1.4 1.3 1.3
PR070C 3.1 3.0 2.1 0.8 0.8 0.8
PR090A 9.6 9.5 6.7 2.7 2.6 2.5
PR090B 4.9 4.8 3.4 1.4 1.3 1.3
PR090C 3.1 3.0 2.1 0.8 0.8 0.8
PR110A 9.6 9.5 6.7 2.7 2.6 2.5
PR110B 4.9 4.8 3.4 1.4 1.3 1.3
PR110C 3.1 3.0 2.1 0.8 0.8 0.8
tool-point is 20N and the effective value of the motor speed is 9.6ms−1. If all
six joints in the manipulator are actuated by the PR090A module, then the
manipulator would have a force capability of 20N , a speed of 33.6ms−1 and a
weight of 20.4kg (not including the link weights). Since the analytic tools indi-
cate to the designer the nature of the influence of the actuator parameters on
the performance of the manipulator (i.e. forward map), a simple spreadsheet
can be used to determine the solution to the design problem.
Considering all possible configurations, it can be shown via a simple
search that the solution to the design problem shown in Eq. 6.17 given a re-
quired task force and speed of 60N and 10ms−1 is x∗ ={PR090C, PR090C,
PR090C,PR070C, PR070C, PR070C} and the force, speed and weight of this
configuration is 61N , 10.6ms−1 and 15.3kg. The manipulator force is given by
the motor which has the minimum effective force value (i.e. mini τ
M
i (g¯iLi)
−1
for i ∈ {1, ..., N}) while the manipulator speed is given by the sum of the effec-
tive speed values given by Eq. 3.4. If the design problem contained an accuracy
constraint, the manipulator accuracy would be determined in a similar fash-
ion to the manipulator speed (i.e. the sum of the effective tool-point actuator
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accuracies). The solution corresponds to the bolded cells in Tables 6.3 and 6.4
where any configuration below the bolded cells is feasible, since they exhibit
a larger force capability, but not optimal, since they do not exhibit minimum
weight. Now suppose that the required task force increases to 90N and the
task speed remains at 10ms−1. The solution to this problem is x∗ ={PR110C,
PR110C, PR110B, PR090B, PR090B, PR090B} with a force, speed and weight
of 110N , 13.5ms−1 and 27kg. Hence, increasing the force capability of the sys-
tem by 50% means that the actuator weight almost doubles.
6.2.2 Medium to Heavy-Duty Force Application
For the medium to heavy-duty force application, a set of actuators
designed at UTRRG will be considered (see Table 6.5 for the weight and
motor torque values). Each module can be equipped with a 100 : 1 (A), a
150 : 1 (B) or a 200 : 1 (C) transmission reduction ratio.4 Hence, actuator
M1A corresponds to the M1 motor module with a 150 : 1 reduction ratio.
Since there are 4× 3 = 12 actuator choices and the system has 6-DOF, a total
of 126 = 2, 985, 984 possible manipulator configurations (i.e. the size of the
design space X is almost 3 million).
The primary goal of the light-duty configuration management problem
described above using the PowerCubeTM actuator modules was to illustrate the
mechanics of the approach presented in this work. The goal of the medium to
heavy-duty configuration management problem is to analyze the distribution
of the weight along the effective manipulator length (see Table 6.7) and to
analyze the effect of increasing tool-point force levels on the total actuator
4Like for the PowerCubeTM actuators, changing the transmission reduction ratio has no
effect on the total actuator weight.
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Table 6.5. UTRRG motor torque (Nm), actuator weight
(kg) and motor speed (rpm) values.
Module Torque Weight Speed
M1 0.79 2.95 4000
M2 2.03 8.89 2500
M3 3.16 11.79 1250
M4 8.81 17.69 1000
Table 6.6. Minimum weight (kg) UTRRG manipulator
configurations given various tool-point force levels (N).
Tool-point speed (ms−1) is also provided.
Force J1 J2 J3 J4 J5 J6 Weight Speed
100 M1B M1B M1B M1A M1A M1A 17.7 12.7
150 M2A M2A M1C M1A M1A M1A 29.6 11.5
200 M2B M2B M2A M1B M1A M1A 35.5 10.1
500 M3C M3C M2C M2A M1C M1C 57.5 5.5
750 M4A M4A M3C M2B M2B M2B 73.8 4.6
weight of the system (see Table 6.6).5
Given the actuator parameter values of Table 6.5, the effective tool-
point force capabilities can be computed if each of the actuators are used to
actuate the joints. To determine how the actuator weight is distributed along
the effective length of the manipulator as the required manipulator force level
increases, the minimum weight configurations for five different force levels are
considered. The results are given in Tables 6.6 and 6.7 where each cell in
Table 6.7 corresponds to the percent of the weight for that actuator to the
total actuator weight of the system for a specified force level. For low force,
the distribution of weight is constant and as the force increases the distribution
5The force values provided in Table 6.6 take into account the effect of gravity acting
on the system. Recall that the the gravity shift is important to consider because if this is
significant, the manipulator will be unable to lift its own weight.
125
4 6 8 10 12 14
0
100
200
300
400
500
600
700
800
Speed
�
ms−1
�
F
or
ce
(N
)
20 40 60 80
0
100
200
300
400
500
600
700
800
F
or
ce
(N
)
Weight (kg)
Figure 6.4. (a) Tool-point force vs. speed and (b) force vs.
weight of UTRRG manipulator configurations.
Table 6.7. Weight distributions of UTRRG manipulator
configurations given various tool-point force levels (N).
Force J1 (%) J2 (%) J3 (%) J4 (%) J5 (%) J6 (%)
100 16.6 16.6 16.6 16.6 16.6 16.6
150 30.0 30.0 10.0 10.0 10.0 10.0
200 25.0 25.0 25.0 8.3 8.3 8.3
500 23.5 23.5 23.5 17.7 5.9 5.9
750 24.0 24.0 16.0 12.0 12.0 12.0
is skewed toward the base. These results are in accordance with the analysis
presented in Case Study I. Also, in accordance with physical intuition, as the
required force level increases the weight of the system increases as well.
Configuration Management Guideline 1: For low force levels, the weight
of the actuators should be evenly distributed along the length of the manipula-
tor. As the force level increases, the weight distribution is skewed toward the
base.
Figure 6.4(a) shows the trend in the tool-point speed of the UTRRG
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manipulator configurations as the tool-point force level increases. As can be
seen from this plot, as the speed u˙tˆ increases, the force level ftˆ of the manipu-
lator decreases at a rate of ftˆ ∝ u˙−1tˆ . This demonstrates the trade-off that the
designer must balance between speed and force; that is, as the speed of the
system increases, the force level of system decreases. Figure 6.4(b) shows the
trend in the total actuator weight of the system as the tool-point force level
increases. As can be seen, as the total actuator weight of the manipulator W
increases, the force level ftˆ increases at a rate of ftˆ ∝ W 2.
Configuration Management Guideline 2: For the 6-axis, serial robotic
manipulator configured from the UTRRG actuator modules, as the tool-point
speed u˙tˆ of the system increases, the force level ftˆ of the system decreases at a
rate of ftˆ ∝ u˙−1tˆ .
Configuration Management Guideline 3: For the 6-axis, serial robotic
manipulator configured from the UTRRG actuator modules, as the total actu-
ator weight of the system W increases, the force level ftˆ of the system increases
at a rate of ftˆ ∝ W 2.
6.2.3 Configuration Management Conclusions
The configuration management examples provided above are important
because they address the fundamental issue of assembly of manipulator sys-
tems based on required task specifications against the implicit but important
minimum weight objective. This analytic approach reduces the effort in the
phases of the design process meaning that the number of design iterations can
be dramatically reduced. Many fields benefit from this approach; for example,
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the use of robotics for open architecture human rehabilitation systems that
can be assembled on demand by the medical clinician. The same applies for
educational systems, medical surgery cells, low end manufacturing (fettling)
cells, etc. [Tesar, 2007a].
6.3 Case Study III: Designing for Human-Robot Inter-
actions
When designing a robot for Human-Robot Interactions (HRI) such as
an upper-limb prosthetic device, the accuracy of the tool-point is important
as positional errors can cause the operator to become frustrated with the de-
vice [Scott et al., 1990; Parker et al., 2006]. A way of minimizing the errors
in the joints due to both the compliance of the joints and the errors in the
commanded signal is to increase the mechanical gains in the actuator trans-
missions. Increasing the mechanical gains would: (1) increase the stiffness of
the actuators thus improving the accuracy under load, (2) increase the mo-
tor torque thus improving the force capability of the device, (3) reduce the
actuator speed to an adequate level the operator can control and (4) reduce
the positional error inherent in the commanded signal.6 On the other hand,
increasing the mechanical gains of the actuator transmissions would also am-
plify the rotary inertia of the motors thus increasing the overall effective mass
of the prosthetic device which is undesirable since higher effective mass im-
plies a higher exchange of momentum between the device and its surroundings
6Prosthetic devices are typically controlled via myoelectric signals obtained from the
contraction of muscles, for example, which have noise errors due to cross-talk between
muscles, timing errors due to both the time it takes to obtain a good filtered signal and
the operators inability to contract the muscle when required, and finally magnitude errors
which arise due to operator’s inability to produce the same signal more than once.
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meaning that the operator can harm himself/herself or the surroundings. High
effective mass also suggests higher energy consumption. Hence, there is an in-
herent conflict in these systems when the design objectives are to maximize
the accuracy (i.e. minimize the positional error) and to minimize the overall
effective mass of the system.
6.3.1 Design Problem
The goal of the design problem considered in this section is to inves-
tigate the design trade-offs between accuracy and effective mass in a 6-axis,
serial chain mechanism. The design parameters considered are the mechani-
cal gains of the actuator transmissions, the rotary compliance as well as the
mass and inertia of the actuators. The design objectives are to minimize the
positional error of the end-effector E = ∆xtˆ given an applied load ftˆ at the
tool-point as well as to minimize the effective mass of the system meff . The
weighted sum, multi-objective optimization problem considered is as follows:
x∗ = min we
E
Pˆe
+ wm
meff
Pˆm
s.t.
x ∈ X = {(g¯i, Ci,mi, IMi ) : i = 1, ..., N}
(6.18)
where we and wm are weighting factors such that we+wm = 1 and Pˆe and Pˆm
are normalization factors used to put both criteria on the same scale to prevent
one criterion from dominating the other. The set X denotes the design space
which is composed of all combinations of actuator transmission gains g¯i, rotary
compliance Ci, actuator massmi and rotary inertia I
M
i . For this example, only
three motor sizes and five gear train sizes whose parameter values are given in
Tables 6.8 and 6.9 will be considered. These motor and gear train values are
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Table 6.8. Motor torque (Nm), rotary compliance(
rad (Nm)−1
)
, weight (kg) and rotary inertia (kg m2) val-
ues used for HRI application.
Type Torque Compliance Weight Inertia
M1 0.23 2.6e-3 0.45 1.46e-5
M2 0.51 1.3e-3 0.68 3.12e-5
M3 0.85 5.6e-4 1.00 6.57e-5
Table 6.9. Gear train reduction ratio, weight (kg) and
rotary inertia (kg m2) values used for HRI application.
Type Reduction Ratio Weight Inertia
A 1:1 0 0
B 5:1 0.09 4.5e-5
C 10:1 0.23 1.1e-4
D 15:1 0.32 1.2e-4
E 20:1 0.41 1.5e-4
obtained from the work of Vaculik and Tesar [2008]. The weights and torques
of these actuator modules are comparable to the elbow module used in the
Boston Digital prosthetic arm device which weighs 1.5kg and can sustain a
joint torque of 10Nm [LTI, 2008]. Given the three motor and five gear train
modules, there are 3× 5 = 15 possible actuators that can be used to actuate
each of the six axes further implying that the design space X has a size of
156 = 11, 390, 625 (i.e. there are over 11 million possible solutions).
6.3.2 Design Solution
The effective error and mass values of the actuator parameters at the
tool-point are given in Tables 6.10 and 6.11. The values for the tool-point
errors are computed based on an applied load of ftˆ = 50N (or 11.2lbf ) which
is equivalent to holding a 5kg payload at the tool-point. This loading condition
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was chosen to be similar to the load carrying capacity of the Boston Digital
Arm which has a rated at carrying capacity of 4.1kg or 9lbm [LTI, 2008]. Also,
the effects of gravity loading were taken into account in the solution process.
The two extreme cases occur when all the emphasis is placed on minimizing
the total tool-point error (i.e. we = 1.0 and wm = 0.0) and when all the
emphasis is placed on minimizing the total effective mass of the actuators (i.e.
we = 0.0 and wm = 1.0). When all the emphasis is placed on minimizing
the error, the solution is such that all six actuators have the least compliance
(motor M3) and six gear trains have the highest reduction ratio (gear train
E). In this situation, the total tool-point error is small E = 7.7 × 10−5m
while the effective mass is large meff = 40.24kg (or 88.7lbm). This solution
is undesirable for HRI applications because the effective mass of the system
can hurt the operator or damage the environment due to the large momentum
in the system even when operating at modest speeds. When all the emphasis
is placed on minimizing the effective mass, on the other hand, the solution
is such that all six motors have the least mass and inertia (motor M1) and
the gear trains are all direct-drive (gear train A) which corresponds to the
case of a direct-drive manipulator. In this situation, the total tool-point error
is large E = 0.12m (4.8in) while the effective mass is small meff = 4.62kg
(10.2lbm). This solution is also undesirable because there is a large error at
the tool-point causing the operator to loose track of the object being held at
the tool-point. The overall efficacy of the direct-drive manipulator is due in
large part to the stiffness of the components comprising the system. That is,
if a great deal of effort is placed in designing very stiff actuators by means
of implementing new materials, better structural design, etc., then the direct-
drive manipulator would be the ideal case. However, with the given motor
and gear train specifications of Tables 6.8 and 6.9, a direct-drive manipulator
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Table 6.10. Effective tool-point errors (m) for each joint
for HRI application given an applied load of ftˆ = 50N .
Module J1 J2 J3 J4 J5 J6
M1A 4.8e-02 4.8e-02 2.2e-02 1.5e-03 1.5e-03 1.5e-03
M1B 1.9e-03 1.9e-03 8.6e-04 6.0e-05 6.0e-05 6.0e-05
M1C 4.8e-04 4.8e-04 2.2e-04 1.5e-05 1.5e-05 1.5e-05
M1D 2.1e-04 2.1e-04 9.6e-05 6.7e-06 6.7-06 6.7e-06
M1E 1.2e-04 1.2e-04 5.4e-05 3.7e-06 3.7e-06 3.7e-06
M2A 2.4e-02 2.4e-02 1.1e-02 7.5e-04 7.5e-04 7.5e-04
M2B 9.7e-04 9.7e-04 4.3e-04 3.0e-05 3.0e-05 3.0e-05
M2C 2.4e-04 2.4e-04 1.1e-04 7.5e-06 7.5e-06 7.5e-06
M2D 1.1e-04 1.1e-04 4.8e-05 3.3e-06 3.3e-06 3.3e-06
M2E 6.0e-05 6.0e-05 2.7e-05 1.9e-06 1.9e-06 1.9e-06
M3A 1.2e-02 1.2e-02 5.4e-03 3.7e-04 3.7e-04 3.7e-04
M3B 4.8e-04 4.8e-04 2.2e-04 1.5e-05 1.5e-05 1.5e-05
M3C 1.2e-04 1.2e-04 5.4e-05 3.7e-06 3.7e-06 3.7e-06
M3D 5.4e-05 5.4e-05 2.4e-05 1.7e-06 1.7e-06 1.7e-06
M3E 3.0e-05 3.0e-05 1.3e-05 9.4e-07 9.4e-07 9.4e-07
is not the most suitable solution.
A good solution is obtained when a balance between the design objec-
tives is met. In Tables 6.10, 6.11 and 6.12, the solution for the case when
we = 0.25 and wm = 0.75 is shown in bold-face. As shown in Table 6.12, for
this case the total tool-point error is E = 5.8×10−3m (0.3in) and the total ef-
fective mass of the actuators at the tool-point ismeff = 4.78kg (10.5lbm) while
the total actuator weight is 3.72kg (8.2lbm). This solution achieves a good bal-
ance between the objectives while exhibiting low total actuator weight. Notice
that for this solution, actuators 1 and 2 have a reduction ratio of 10:1, actu-
ator 3 has a reduction of 5:1 and actuators 4, 5 and 6 have a reduction of 1:1
(direct-drive). Hence, to achieve a good balance between the total tool-point
error and the effective mass of the system the wrist joints (4, 5 and 6) should
be direct-drive since these joints strongly influence the overall effective mass
of the system and the shoulder and elbow joints (1, 2 and 3) should have a
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Table 6.11. Effective mass values (kg) for each joint.
Module J1 J2 J3 J4 J5 J6
M1A 4.0e-5 4.0e-5 0.40 1.41 1.41 1.41
M1B 4.1e-2 4.1e-2 0.48 1.80 1.80 1.80
M1C 3.2e-2 3.2e-2 0.63 3.02 3.02 3.89
M1D 8.2e-2 8.2e-2 0.76 4.69 4.69 6.91
M1E 0.18 0.18 0.94 7.67 7.67 12.5
M2A 8.1e-5 8.1e-5 0.60 2.10 2.10 2.11
M2B 5.0e-3 5.0e-3 0.69 2.52 2.52 2.66
M2C 3.6e-2 3.6e-2 0.84 3.83 3.83 4.82
M2D 9.1e-2 9.1e-2 0.97 5.64 5.64 8.11
M2E 0.19 0.19 1.15 8.83 8.83 14.0
M3A 1.6e-4 1.6e-4 0.88 3.09 3.09 3.09
M3B 7.1e-3 7.1e-3 0.97 3.56 3.56 3.76
M3C 4.4e-2 4.4e-2 1.13 5.04 5.04 6.25
M3D 0.11 0.11 1.27 7.14 7.14 10.1
M3E 0.23 0.23 1.47 10.7 10.7 16.8
transmission with a small reduction ratio since these joints modestly influence
the effective mass but a low reduction ratio will reduce the total tool-point
error.
There are several interesting trends that can be observed in Tables 6.10
and 6.11. First, the worst-case scenario in terms of the tool-point error occurs
when the shoulder and elbow actuators (joints 1, 2 and 3) are actuated with
the most compliant motor (motorM1) and a direct-drive gear train (gear train
A). The accuracy is greatly improved by implementing even a small reduction
ratio in these actuators without penalizing the overall design in terms of its
effective mass. Second, the worst-case scenario in terms of effective mass occurs
when the wrist actuators (joints 4, 5 and 6) are actuated with the heaviest
motor (motor M3) and the gear train with the highest reduction ratio (gear
train E). Since the wrist joints don’t highly influence the tool-point error, the
effective mass is greatly reduced by actuating these joints with low weight, low
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Table 6.12. Values of error (m), effective mass (kg) and
total actuator weight (kg) of the HRI design problem for
different weighting factor combinations. A tool-point load
of ftˆ = 50N is used to compute tool-point error.
we wm E meff Weight Configuration
1.00 0.00 7.7e-05 40.24 8.44 M3E,M3E,M3E,M3E,M3E,M3E
0.90 0.10 1.3e-04 11.53 5.94 M3E,M3E,M2E,M1C,M1C,M1C
0.75 0.25 4.6e-04 6.36 4.94 M3D,M3D,M1C,M1B,M1B,M1B
0.50 0.50 5.0e-03 4.94 4.49 M3C,M3C,M1C,M1A,M1A,M1A
0.25 0.75 5.8e-03 4.78 3.72 M2C,M2C,M1B,M1A,M1A,M1A
0.10 0.90 2.8e-02 4.72 4.08 M3B,M3B,M1B,M1A,M1A,M1A
0.00 1.00 1.2e-01 4.62 2.72 M1A,M1A,M1A,M1A,M1A,M1A
reduction actuators.
HRI Guideline 1: The accuracy of a serial chain manipulator is sensitive
to the stiffness characteristics of the shoulder and elbow actuators. This is
due to the fact that the effective manipulator gains Li associated with these
actuators are large on average over the workspace. Therefore, the stiffness
characteristics of these actuators should be improved by either (i) implementing
a high transmission reduction ratio and/or (ii) implementing a motor and gear
train with high stiffness.
HRI Guideline 2: The effective mass of a serial chain manipulator is sen-
sitive to the inertial characteristics of the wrist actuators. This is due to the
fact that the effective manipulator gains Li associated with these actuators are
small on average over the workspace. Therefore, the inertial characteristics of
these actuators should be reduced by either (i) implementing a low transmis-
sion reduction ratio and/or (ii) implementing a motor and gear train with low
mass and rotary inertia.
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Figure 6.5. Effective tool-point mass vs. effective stiffness
for HRI manipulator configurations.
HRI Guideline 3: For HRI applications where the design objectives are to
maximize accuracy and minimize effective mass, a good balance between the
objectives is obtained by implementing a small transmission reduction ratio in
the shoulder and elbow joints to improve the accuracy of the system and by
implementing direct-drive actuators in the wrist joints to reduce the effective
mass of the system.
Another interesting trend in the HRI manipulator configurations of
Table 6.12 is shown in Figure 6.5. The effective stiffness values Keff were
determined by Keff = ftˆ×E−1 where ftˆ = 50N is the applied tool-point load
and E is the total tool-point error. As can be seen from this plot, as the effec-
tive stiffness of the system increases, the effective mass of the system increases
at a rate of meff ∝ (Keff)2 which demonstrates the trade-off between the
accuracy (deformation under load) and the effective mass of the system.
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HRI Guideline 4: For the 6-axis manipulator and actuator set considered for
the HRI application, as the stiffness Keff of the system increases, the effective
mass meff increases at a rate of meff ∝ (Keff)2. For HRI applications, this
implies that a balance between accuracy (deformation under load) and effective
mass must be achieved.
6.3.3 HRI Design Conclusions
The goal of the design case study for HRI applications was to investigate
the design trade-offs that occur when the design objectives are to maximize
the accuracy of the system and minimize it’s effective mass. It was observed
that the accuracy of the serial chain mechanism is improved by making the
shoulder and elbow actuators stiff. If significant rotary compliance exists, a
moderate reduction ratio can be implemented in these actuators to improve
the actuator’s rotary stiffness characteristics without compromising the sys-
tem’s overall effective mass. Also, the magnitude of the effective mass of the
serial chain mechanism is greatly influenced by the mass and rotary inertia of
the wrist actuators meaning that these actuators should have very low trans-
mission gains and their mass and rotary inertia should be kept low.
6.4 Case Study IV: Designing for Responsiveness
When designing a robotic manipulator system the responsiveness of
the manipulator which is the ability of the manipulator to accelerate its end-
effector is important to understand as maximizing this value means that the
system can respond quickly to commands. At the actuator level, responsive-
ness can be defined as the ratio of the force achievable by the actuator to the
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actuator’s inertial content [Vaculik and Tesar, 2008; Tal and Kahne, 1972];
that is,
α =
τ ∗
I∗
(6.19)
where α ∈ < is the responsiveness of the actuator, τ ∗ ∈ < is the force achiev-
able by the actuator and I∗ ∈ < is the inertial content of the actuator. Eq. 6.19
represents the responsiveness in terms of the actuator parameters reflected to
the output of the actuator. Responsiveness can also be represented in terms
of the internal actuator parameters (i.e. motor parameters) as follows:
α =
g¯τM
IM
(6.20)
where g¯ represents the mechanical gain of the actuator’s transmission and the
superscript M denotes the parameters reflected to the motor side. As can
be seen from this last equation, improving the responsiveness of an actuator
requires the management of the force and inertial parameters as well as the
mechanical gain of the transmission. A similar relationship as Eq. 6.20 exists
for a serial chain mechanism as follows (see Chapter 4, Section 2):
aeffi =
f effi
meffi
(6.21)
where f effi and m
eff
i is the effective force and mass, respectively, of the ac-
tuator i at the system output and aeffi is the effective responsiveness of the
actuator. Hence, for a robotic manipulator system composed of N of these
one-DOF actuators, improving the responsiveness requires the management of
the motor torques, actuator masses, rotor inertias and the mechanical gains
of the actuator transmissions along with the mechanical gains associated with
the manipulator geometry. As can be seen from Eq. 6.21, an optimal balance
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Table 6.13. Effective tool-point force values (N) for each
actuator of responsiveness case study.
Module J1 J2 J3 J4 J5 J6
M1A 9 9 14 56 56 56
M1B 18 18 28 113 113 113
M1C 28 28 42 169 169 169
M1D 37 37 56 226 226 226
M1E 46 46 70 282 282 282
M2A 16 16 24 98 98 98
M2B 32 32 49 197 197 197
M2C 49 49 74 296 296 296
M2D 65 65 98 395 395 395
M2E 82 82 123 494 494 494
M3A 35 35 53 211 211 211
M3B 70 70 106 423 423 423
M3C 105 105 158 635 635 635
M3D 140 140 211 847 847 847
M3E 176 176 264 1059 1059 1059
between the conflicting objectives of maximizing force capability and minimiz-
ing the effective mass must be met meaning that there are trade-offs that must
be examined when designing for responsiveness.
6.4.1 Design Problem
In this design example, the goal is to investigate how the internal pa-
rameters of the actuators affect the responsiveness of the system. Specifically,
it will be demonstrated how the motor torque, actuator mass, rotor inertia and
the mechanical gain of the actuator transmission along with the mechanical
gain associated with the manipulator geometry can be managed to improve
the overall responsiveness of the system. The design problem can be expressed
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Table 6.14. Effective tool-point mass values (kg) for each
actuator of responsiveness case study.
Module J1 J2 J3 J4 J5 J6
M1A 1 1 2 41 41 76
M1B 5 5 6 150 150 290
M1C 11 11 13 332 332 646
M1D 20 20 22 585 585 1145
M1E 32 32 33 912 912 1786
M2A 1 1 3 43 43 78
M2B 5 5 7 154 154 296
M2C 11 11 13 339 339 660
M2D 21 21 22 597 597 1168
M2E 32 32 34 930 930 1822
M3A 1 1 3 45 45 82
M3B 5 5 7 160 160 309
M3C 12 12 14 352 352 686
M3D 21 21 23 621 621 1214
M3E 34 34 36 967 967 1892
as follows:
x∗ = max aeff
s.t.
x ∈ X = {(g¯i, τMi ,mi, IMi ) : i = 1, ..., N} (6.22)
where aeff is the total responsiveness of the system and X denotes the design
space. In this example, the actuators are composed of the motors given in
Table 6.8 and five gear trains all weighing 1.5kg with a rotary inertia of 7.9×
10−2kgm2 and having reduction ratios of 25 : 1 (A), 50 : 1 (B), 75 : 1 (C),
100 : 1 (D) and 125 : 1 (E).7 Hence, there are a total of 3×5 = 15 actuators to
choose from meaning that the size of the design space X is 156 = 11, 390, 625.
7For this range of reduction ratios, it is plausible to vary the reduction ratio of the gear
train while maintaining its weight and rotary inertia constant [Vaculik and Tesar, 2008].
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Table 6.15. Effective tool-point responsiveness values
(ms−2) for each actuator of responsiveness case study.
Module J1 J2 J3 J4 J5 J6
M1A 7.30 7.30 4.89 1.35 1.35 0.74
M1B 3.65 3.65 4.19 0.75 0.75 0.39
M1C 2.43 2.43 3.22 0.51 0.51 0.26
M1D 1.82 1.82 2.55 0.39 0.39 0.20
M1E 1.46 1.46 2.09 0.31 0.31 0.16
M2A 12.52 12.52 7.94 2.28 2.28 1.25
M2B 6.26 6.26 7.02 1.28 1.28 0.67
M2C 4.17 4.17 5.45 0.88 0.88 0.45
M2D 3.13 3.13 4.34 0.66 0.66 0.34
M2E 2.50 2.50 3.57 0.53 0.53 0.27
M3A 25.84 25.84 15.38 4.64 4.64 2.56
M3B 12.92 12.92 14.07 2.63 2.63 1.37
M3C 8.61 8.61 11.08 1.80 1.80 0.93
M3D 6.46 6.46 8.88 1.36 1.36 0.70
M3E 5.17 5.17 7.33 1.10 1.10 0.56
Table 6.16. Force (N), effective mass (kg) and respon-
siveness (ms−2) values of three different configurations of
responsiveness case study.
feff meff aeff Configuration
Max Force 176 397 22.45 M3E,M3E,M3D,M2B,M2B,M2B
Min Eff. Mass 9 166 22.92 M1A,M1A,M1A,M1A,M1A,M1A
Max Responsiveness 35 180 79 M3A,M3A,M3A,M3A,M3A,M3A
6.4.2 Design Solution
Table 6.13 shows the effective tool-point force values for each joint and
the configuration which achieves maximum force (such that weight is mini-
mized) is shown in bold. Table 6.14 shows the effective tool-point mass values
for each joint and the configuration which achieves minimum effective mass is
shown in bold. Finally, Table 6.15 shows the effective tool-point responsiveness
values and the configuration which achieves maximum responsiveness is shown
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in bold. Table 6.16 shows the configurations that achieve maximum force,
minimum effective mass and maximum responsiveness and the corresponding
values of force, effective mass and responsiveness of each configuration. As
can be seen, if the design has minimum effective mass then it has low force
capability and, conversely, if the design has maximum force capability then
it has high effective mass. Interestingly, the design having maximum force
capability and the one having minimum effective mass have the same respon-
siveness. The configuration which achieves maximum responsiveness, on the
other hand, is a balance of the maximum force and minimum effective mass
configurations as was expected. For this configuration, the gear ratios are all of
type “A” (i.e. the one with the smallest reduction ratio) and all the motors are
all of type “M3” (i.e. the one with largest torque rating). Since the motor has
the largest torque rating the actuators have higher effective force than with
the other motors but since the transmission has the smallest gear ratio the
actuators have lower effective mass than with the other transmissions. This
results in the optimal balance between the effective mass of the actuators and
the effective force producing a manipulator with maximum responsiveness.
Consider next that the gear train reduction ratio G¯ = g¯−1 for the wrist
actuator (joint 6) is allowed to vary between G¯ ∈ [1 : 1, 25 : 1]. The trend in
the effective tool-point acceleration will be investigated for this actuator con-
sidering that the motor parameters are fixed (the motor parameters are those
of motor A in Table 6.8). Figure 6.6 shows the trend in the effective tool-point
responsiveness of the wrist actuator when the reduction ratio G¯ is varied be-
tween 1:1 (direct-drive) to 25:1. As can be seen in Figure 6.6, increasing G¯ for
the wrist actuator produces a non-monotonic trend in the effective tool-point
responsiveness of the actuator. In the range of G¯ ∈ [1 : 1, 7 : 1], the effective
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Figure 6.6. Effective responsiveness of wrist actuator (joint
6) as a function of reduction ratio.
force dominates the effective mass since the responsiveness is increasing and in
the range of G¯ ∈ [8 : 1, 25 : 1], the effective mass dominates the effective force
since the responsiveness is decreasing. Hence, a balance between the effective
force and effective mass must be met to achieve optimal responsiveness. The
interested reader is referred to the example of Chapter 4 for further detail.
Two important conclusions can be made from this simple exercise.
First, it demonstrates the importance of managing both the mechanical gains
associated with the actuator transmissions as well as the mechanical gains as-
sociated with the geometry of the manipulator (i.e. the effective lengths or
location of the actuators). Second, to attain optimal responsiveness, it is a
matter of compromising force capability and effective mass.
Responsiveness Guideline 1: Given that the motor parameters are fixed
(i.e. motor torque, mass and rotary inertia are fixed), then the effective tool-
point force of each actuator varies linearly with increasing reduction ratio of
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the transmission (where reduction ratio G¯ is the inverse of mechanical gain
g¯); that is, f effi ∝ G¯i = g¯−1i . See Chapter 3, Section 2 for further details.
Responsiveness Guideline 2: Given that the motor parameters are fixed
(i.e. motor torque, mass and rotary inertia are fixed), then the effective tool-
point mass of each actuator varies quadratically with increasing reduction ratio
of the transmission; that is, meffi ∝ G¯2i = g¯−2i . See Chapter 4, Section 1 for
further details.
Responsiveness Guideline 3: Given that the motor parameters are fixed
(i.e. motor torque, mass and rotary inertia are fixed), then an optimal value
of the effective tool-point responsiveness is achieved by balancing the effective
force and effective mass values.
6.5 Case Study V: Dynamic Characterization
In this section, the KEPV analysis described in Chapter 5 is used in
the multi-criteria design optimization of a 6DOF Puma-type manipulator (see
Figure 6.3). The goal of this optimization problem is to maximize the kinetic
energy partition value criterion
det (Γ) =
N∏
k=1
γkk (6.23)
and minimize the effective mass of the system. The kinetic energy partition
values are indicators of the inertial distribution while the effective mass is
an indicator of the magnitude of the inertial parameters. The maximizing
the partition value criterion means that the degree of inertial coupling of the
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system is decreased which further implies that the system has a high degree
of dynamic isotropy. As demonstrated in an earlier study by [Rios and Tesar,
2008a,b] for a simple two-DOF planar system, these two design objectives
drive the solution in different directions and, therefore, a balance must be
met. As will be demonstrated, the conclusions made for the two-DOF planar
system also apply for the considerably more complex six-DOF spatial system
considered in this example.
6.5.1 Design Problem
The two design criteria that will be considered are the KEPV criterion
of Eq. 6.23 as well as the effective mass as described by [Khatib, 1995; Bowling,
1998; Thomas and Tesar, 1982]. The KEPV criterion is
det (Γ) =
N∏
k=1
γkk (6.24)
while the effective mass of the system, denoted by M∗, can be determined by
1
M∗
= min
{tˆ∈<3:tˆT tˆ=1}
tˆTJT (I
∗)−1 JTT tˆ. (6.25)
In Eq. 6.25, I∗ ∈ <N×N is the effective inertia matrix, JT ∈ <3×N is the trans-
lational component of the Jacobian matrix and tˆ ∈ <3 is a unit, task-space
vector. Eq. 6.25 represents the mass properties of the system as perceived at
the end-effector. This criterion is important to consider because reducing the
magnitude of the inertial properties decreases the momentum exchange be-
tween the end-effector and its environment during a contact/collision thereby
minimizing the potential for damage [Khatib and Agrawal, 1989]. For hu-
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man/robot interactions, the goal is to minimize the effective mass of the sys-
tem [Zinn et al., 2003] but there can exist other situations such as maximizing
impact to deform an object where the goal is to maximize the momentum
exchange between the robot manipulator and the environment.
The solution to Eq. 6.25 is the smallest eigenvalue of the matrix JT (I
∗)−1 JTT
Strang [1988]; Lay [2000]; that is,
1
M∗
=min
{
eig
(
JT (I
∗)−1 JTT
)}
(6.26)
where eig (·) denotes the set of all eigenvalues . Note that as the manipulator
approaches a singularity, M∗ → ∞ meaning that any external force applied
at the end-effector in the direction of the task-space vector tˆ∗, which is the
unit eigenvector corresponding to M∗, does not cause the manipulator to re-
spond (i.e. the manipulator has a high inertial resistance). For this reason,
when evaluating over the workspace a weighting factor such as the Measure Of
Transmissibility (MOT)8 which “measures” how close the manipulator is to a
singularity Yoshikawa [1991]; Tisius and Tesar [2004] should be implemented
to avoid skewing the optimization function in one direction. MOT is given by
η (ϕ) =
√
J (ϕ) J (ϕ)T (6.27)
where J (ϕ) ∈ <6×N is the Jacobian matrix of the manipulator.
The design parameters considered are the mechanical gains of the actu-
ators, denoted by g¯i for actuator i, as well as the total mass and rotor inertia
8In the literature MOT is referred to as the Measure Of Manipulability (MOM). In this
work, however, since the main application is design, MOT is used to make it clear to the
reader that the mechanical gain associated with the mechanism’s geometry “transmits” the
actuator and link parameters to the output.
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for each actuator, denoted by mi and I
M
i , respectively. The reader should note
that mechanical gain g¯i is simply the inverse of the reduction ratio Gi; that
is, g¯i = G
−1
i . Although the motor mass and rotor inertia are not completely
dependent design variables (ex., given a fixed motor mass, the rotor inertia
can be varied by considering various rotor aspect ratios) it will be assumed
that there is a linear, parametric relationship f : < 7→ < between the two as
follows:
IMi = f (mi) =
(
IMu − IMl
mu −ml
)
mi +ml (6.28)
where the “u” and “l” subscripts relate to the upper and lower bounds on
the design variables as given in Table 6.17. A total of 12 independent design
parameters will be considered. The mechanical gain is an important design
parameter to consider because it amplifies the rotor inertia thus increasing the
effective mass of the system and alters the distribution of kinetic energy.
The weighted-sum, multi-criteria design optimization problem consid-
ered in this work is as follows:
x∗ = max wγ
det (Γ)
Pˆγ
− wmM
∗
Mˆ
s.t.
x ∈ X = {(g¯i,mi, IMi ) : i = 1, ..., N}
(6.29)
where wγ and wm are weighting factors where wγ + wm = 1 and Pˆγ and Mˆ
are normalization factors used to place both criteria on the same scale and
prevent one criterion from dominating the other. A negative sign is used in
front of the effective mass criterion since this criterion is to be minimized. The
set X denotes the design space which in addition to Eq. 6.28 has the following
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Table 6.17. Upper and lower bounds on design parameters.
Mass has units of kg and rotary inertia has units of kg ·m2.
Actuator
g¯l g¯u ml mu I
R
l I
R
u
1,2,3 0.005 1 1.0 10.0 8.0e-5 4.5e-3
4,5,6 0.01 1 0.5 5.0 3.5e-5 1.0e-3
constraints imposed on it:
g¯l ≤ g¯i ≤ g¯u
ml ≤ mi ≤ mu
(6.30)
for all i = 1, ..., N . The upper and lower bounds for each of the joints is given
in Table 6.17 where joints 1 and 2 denote the two shoulder joints, joint 3 de-
notes the elbow joint and joints 4-6 denote the three wrist joints. The mass
and inertia values are given based on actuators of comparable weight [Vaculik
and Tesar, 2008]. Note that as g¯i → g¯u = 1, the actuator becomes a direct-
drive; that is, the motor drives the joint directly [Asada and Kanade, 1983].
In addition, as described by [Rios and Tesar, 2007], to achieve a manipulator
design with enhanced force, speed and accuracy capabilities the mass of the
actuators and the reduction ratios of the transmissions should decrease (me-
chanical gains should increase) for each successive actuator along the serial
chain. For this reason, the following additional constraints are imposed on
design space X:
g¯i ≤ g¯i+1
mi+1 ≤ mi
(6.31)
for all i = 1, ..., N − 1.
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6.5.2 Design Solution
The goal of the design problem is to demonstrate how the inertial pa-
rameters and the mechanical gains of the actuators alter the kinetic energy of
the system both in terms of its magnitude which is measured by the effective
mass criterion and its distribution which is measured by the KEPVs. Some of
the Pareto-optimal solutions obtained by varying the weighting factors wγ and
wm of the optimization problem given in Eq. 6.29 are presented in Table 6.18.
The Pareto curve given in Figure 6.7 demonstrates the trade-offs between the
solutions; that is, minimizing the effective mass of the system means that the
KEPV criterion is small implying greater inertial coupling in the system. At
one extreme when all the emphasis is placed on minimizing the effective mass
(wγ = 0 and wm = 1) the system achieves this objective by selecting the mini-
mum values of the actuator masses and selecting all direct-drive transmissions.
For this case, the effective mass of the system is lowM∗ = 8.5kg and the KEPV
criterion is det (Γ) = 0.0485. At the other extreme when all the emphasis is
placed on maximizing the KEPV criterion (wγ = 1 and wm = 0) the system
achieves this objective by selecting the maximum values of the actuator masses
and selecting the smallest transmission gains (highest reduction ratios). For
this case, the effective mass of the system is very high M∗ = 2000kg and the
KEPV criterion is det (Γ) = 0.9795. A good balance between the objectives
is reached when wγ = 0.1 and wm = 0.9. For this case, M
∗ = 70.6kg and
det (Γ) = 0.7915. For the other cases, there is a very large penalty in effective
mass but little benefit in terms of reducing the inertial coupling of the system.
Next, consider that the robot is holding a 10kg payload at the tool-
point (this is equivalent to the robot sustaining a 100N load). The next task
is to consider how this payload affects the inertial distribution within the
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Table 6.18. Criteria values of Pareto-optimal solutions.
Effective mass has units of kg.
No. wγ wm det (Γ) M∗
1 0.00 1.00 0.0485 8.50
2 0.10 0.90 0.7915 70.60
3 0.25 0.75 0.8617 119.6
4 0.50 0.50 0.9184 218.1
5 0.75 0.25 0.9440 370.4
6 1.00 0.00 0.9795 2000
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max det (Γ)
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Figure 6.7. Pareto curve of normalized optimal solutions
demonstrating trade-offs between the solutions. Note that
effective mass is normalized.
system. The criteria values of the Pareto-optimal solutions when considering
the payload are given in Table 6.21 while the transmission reduction ratio
values and actuator masses are given in Tables 6.22 and 6.23, respectively.
Figure 6.8 shows the trend between the KEPV criterion and the effective mass
of the Pareto-optimal solutions for the case of no payload (−•−) and the 10kg
payload (−N−). As suggested by this figure, when the payload is included, the
degree of inertial coupling increases and decoupling the inertial parameters
is achieved at a cost of increased effective mass (relative to the no payload
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Table 6.19. Actuator transmission reduction ratio values
of Pareto-optimal solutions.
No. G1 G2 G3 G4 G5 G6
1 1 1 1 1 1 1
2 158 158 158 100 2 2
3 169 169 169 100 36 5
4 200 200 200 100 20 11
5 200 200 200 100 81 2
6 200 200 200 100 100 100
Table 6.20. Actuator mass values (kg) of Pareto-optimal
solutions.
No. m1 m2 m3 m4 m5 m6 Total
1 1.00 1.00 1.00 0.50 0.50 0.50 4.50
2 1.00 1.00 1.00 0.55 0.50 0.50 4.55
3 1.59 1.59 1.01 0.60 0.51 0.51 5.81
4 2.01 1.99 1.29 0.62 0.61 0.50 7.02
5 3.54 3.54 1.66 0.75 0.50 0.50 10.5
6 10.0 10.0 10.0 2.78 0.50 0.50 33.8
case). That is, given a value of det (Γ), the effective mass of the system when
payload is included is higher than when no payload is included. A value of
det (Γ) = 0.8 corresponds to an increase of approximately 7× in the effective
mass when a 10kg payload is included and a value of det (Γ) = 0.9 corresponds
to an increase of approximately 6× in the effective mass. Also, note from this
figure that when no payload is included, the effective mass is highly sensitive to
the higher degrees of inertial decoupling; that is, when det (Γ) ≈ 0.9 or higher,
the effective mass of the system increases to very high values. Adding a 10kg
payload minimizes this transition (with the cost being higher effective mass).
This simple exercise demonstrates the significant impact of a payload on the
inertial distribution within the system. Special care must be taken by the
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Table 6.21. Criteria values of Pareto-optimal solutions
(with 10kg payload). Effective mass has units of kg.
No. wγ wm det (Γ) M∗
1 0.00 1.00 3.67e-5 32.59
2 0.10 0.90 1.48e-4 32.66
3 0.25 0.75 0.6950 322.7
4 0.50 0.50 0.8195 603.2
5 0.75 0.25 0.8869 1055
6 1.00 0.00 0.9155 1642
Table 6.22. Actuator transmission reduction ratio values
of Pareto-optimal solutions (with 10kg payload).
No. G1 G2 G3 G4 G5 G6
1 2 1 1 1 1 1
2 5 1 1 1 1 1
3 155 115 115 100 100 2
4 189 158 158 100 100 2
5 200 192 192 100 100 2
6 200 200 192 100 100 58
designer to address the impact of the payload on the system characteristics.
Dynamic Isotropy Guideline 1: As the degree of dynamic isotropy in-
creases (inertial coupling decreases), the effective mass of the system also in-
creases. Hence, the designer must compromise between the degree of inertial
decoupling and the effective mass.
Dynamic Isotropy Guideline 2: A payload adds to the degree of inertial
coupling in the system. For the 6-axis robotic manipulator considered, adding
a 10kg payload caused the effective mass to increase 6×−7×.
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Figure 6.8. Criteria values of Pareto-optimal solutions with
10kg payload (−N−) and with no payload (− • −).
Table 6.23. Actuator mass values (kg) of Pareto-optimal
solutions (with 10kg payload).
No. m1 m2 m3 m4 m5 m6 Total
1 6.62 3.75 3.75 0.50 0.50 0.50 15.63
2 4.85 4.19 3.75 0.50 0.50 0.50 14.29
3 6.17 5.12 5.12 0.73 0.62 0.50 18.26
4 7.62 5.47 5.47 0.91 0.83 0.50 20.80
5 10.00 6.85 6.85 1.13 1.12 0.50 26.44
6 10.00 10.00 10.00 1.53 1.53 0.50 33.56
6.6 Concluding Remarks
In this chapter, the analytical formulations presented in Chapters 3, 4
and 5 were used to address five different case studies ranging from the dis-
tribution of the mechanical gain parameters of the actuator transmission to
analyzing the distribution of inertial parameters to achieve dynamic isotropy
using the kinetic energy partition values.
The design guidelines developed are restated below.
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Gain Distribution Guideline 1: The mechanical gains associated with the
manipulator geometry Li dominates the mechanical gains of the actuator trans-
missions g¯i in a serial chain manipulator having a constant actuator gain dis-
tribution (p = 0). Therefore, high motor speeds at the wrist and high motor
torques and stiffness are needed at the shoulder to best control/influence the
speed, force and accuracy of the system.
Gain Distribution Guideline 2 The mechanical gains of the actuator trans-
missions g¯i balance the mechanical gains associated with the manipulator geom-
etry Li in a serial chain mechanism having a linear actuator gain distribution
(p = 1). Therefore, a manipulator with this type of actuator gain distribution
should be equipped with compact actuator meaning that the manipulator is long
and slim with high dexterity.
Gain Distribution Guideline 3 The mechanical gains of the actuator trans-
missions g¯i begin to dominate the mechanical gains associated with the manip-
ulator geometry Li in a serial chain mechanism having a quadratic actuator
gain distribution (p = 2). Therefore, a manipulator with this type of actuator
gain distribution exhibits medium speed, medium force and medium stiffness
and the weight distribution is skewed toward the base.
Gain Distribution Guideline 4 The mechanical gains of the actuator trans-
missions g¯i completely dominate the mechanical gains associated with the ma-
nipulator geometry Li in a serial chain mechanism having a cubic actuator
gain distribution (p = 3). Therefore, a manipulator with this type of actuator
gain distribution is ideal for high force and precision manipulation tasks under
disturbances.
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Configuration Management Guideline 1: For low force levels, the weight
of the actuators should be evenly distributed along the length of the manipula-
tor. As the force level increases, the weight distribution is skewed toward the
base.
Configuration Management Guideline 2: For the 6-axis, serial robotic
manipulator configured from the UTRRG actuator modules, as the tool-point
speed u˙tˆ of the system increases, the force level ftˆ of the system decreases at a
rate of ftˆ ∝ u˙−1tˆ .
Configuration Management Guideline 3: For the 6-axis, serial robotic
manipulator configured from the UTRRG actuator modules, as the total actu-
ator weight of the system W increases, the force level ftˆ of the system increases
at a rate of ftˆ ∝ W 2.
HRI Guideline 1: The accuracy of a serial chain manipulator is sensitive
to the stiffness characteristics of the shoulder and elbow actuators. This is
due to the fact that the effective manipulator gains Li associated with these
actuators are large on average over the workspace. Therefore, the stiffness
characteristics of these actuators should be improved by either (i) implementing
a high transmission reduction ratio and/or (ii) implementing a motor and gear
train with high stiffness.
HRI Guideline 2: The effective mass of a serial chain manipulator is sen-
sitive to the inertial characteristics of the wrist actuators. This is due to the
fact that the effective manipulator gains Li associated with these actuators are
small on average over the workspace. Therefore, the inertial characteristics of
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these actuators should be reduced by either (i) implementing a low transmis-
sion reduction ratio and/or (ii) implementing a motor and gear train with low
mass and rotary inertia.
HRI Guideline 3: For HRI applications where the design objectives are to
maximize accuracy and minimize effective mass, a good balance between the
objectives is obtained by implementing a small transmission reduction ratio in
the shoulder and elbow joints to improve the accuracy of the system and by
implementing direct-drive actuators in the wrist joints to reduce the effective
mass of the system.
HRI Guideline 4: For the 6-axis manipulator and actuator set considered for
the HRI application, as the stiffness Keff of the system increases, the effective
mass meff increases at a rate of meff ∝ (Keff)2. For HRI applications, this
implies that a balance between accuracy (deformation under load) and effective
mass must be achieved.
Responsiveness Guideline 1: Given that the motor parameters are fixed
(i.e. motor torque, mass and rotary inertia are fixed), then the effective tool-
point force of each actuator varies linearly with increasing reduction ratio of
the transmission (where reduction ratio G¯ is the inverse of mechanical gain
g¯); that is, f effi ∝ G¯i = g¯−1i . See Chapter 3, Section 2 for further details.
Responsiveness Guideline 2: Given that the motor parameters are fixed
(i.e. motor torque, mass and rotary inertia are fixed), then the effective tool-
point mass of each actuator varies quadratically with increasing reduction ratio
of the transmission; that is, meffi ∝ G¯2i = g¯−2i . See Chapter 4, Section 1 for
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further details.
Responsiveness Guideline 3: Given that the motor parameters are fixed
(i.e. motor torque, mass and rotary inertia are fixed), then an optimal value
of the effective tool-point responsiveness is achieved by balancing the effective
force and effective mass values.
Dynamic Isotropy Guideline 1: As the degree of dynamic isotropy in-
creases (inertial coupling decreases), the effective mass of the system also in-
creases. Hence, the designer must compromise between the degree of inertial
decoupling and the effective mass.
Dynamic Isotropy Guideline 2: A payload adds to the degree of inertial
coupling in the system. For the 6-axis robotic manipulator considered, adding
a 10kg payload caused the effective mass to increase 6− 7×.
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Chapter 7
Conclusion and Future Work
In this work, an analytic framework to manage the actuator parameters
to obtain an improved serial robotic manipulator arm design based on a set
of desired/required task specifications was laid out. The key to this analytic
process is the mapping of the actuator parameters to their effective values at
the system output via the mechanical gains of the actuators as well as the
effective mechanical gains of the manipulator. This forward mapping allows
the designer to determine how each of the actuator parameters influences the
functional capacity of the serial manipulator arm and also allows the designer
to analyze the effects of different actuator parameter distributions (along the
effective length of the manipulator) on the performance capabilities of the
system. Furthermore, it was demonstrated via design examples that the an-
alytics developed reduce the effort in the initial phases of the design process
and, therefore, the total design time is reduced.
The system parameters that were addressed in this work were motor
speed, motor torque, encoder resolution, rotary compliance, transmission ef-
ficiency, mass, rotary inertia, kinetic energy and mechanical gain of actuator
transmission. The mechanical gain of actuator transmission was the most
important parameter that was addressed because it amplifies/reduces the in-
fluence of the other actuator parameters and has a significant effect on their
“desired” distribution.
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The high-level objective of the Robotics Research Groups (RRG) in the
area of robotic manipulator design and development can be summarized as fol-
lows: maximize robotic manipulator performance by enhancing the designer’s
role in the design process. To make progress toward this high-level objective,
the specific goals of the present research were to:
• Map the actuator parameters to their effective values at the system out-
put via the mechanical gains of the actuator transmissions as well as the
effective mechanical gains of the manipulator.
• Develop a new method of dynamic characterization of serial chain mech-
anisms through the use of kinetic energy partition values and their rates
of change.
• Analyze the effects of different actuator parameter distributions on the
overall performance of the system. Special emphasis is placed on the
mechanical gain of the actuator transmission.
• Generate design solutions and analyze the trade-offs between the designs
for various application domains ranging from designing for responsive-
ness to designing for Human-Robot Interactions (HRI). This allows us to
develop design rules for robotic manipulators for the various application
domains.
In the next section, a summary of the key results of each chapter is
presented to illustrate how the goals of this research were addressed. Following
this summary, a list of the specific contributions made by this work will be
presented. The chapter concludes with a road map for future work to extend
the research presented here.
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7.1 Summary of Key Results
In the sections below, a summary of the key results of this work are
provided. The sections are divided into four main categories: (1) literature
review; (2) performance parameter estimations; (3) kinetic energy partition
values; and (4) design case studies. In the summary of the literature re-
view, the major works that motivated the current research are discussed and
the contributions made in this work are presented. In the summary of the
performance parameter estimations, the methodology used in this research is
reviewed and the major contributions made in Chapters 3 and 4 regarding
the transformation of the system parameters to their effective values at the
tool-point are presented. The summary of the findings of the kinetic energy
partition values formulated in Chapter 5 follows. Finally, the major results of
the design case studies presented in Chapter 6 is presented.
7.1.1 Literature Review
In this work, the effective values of the actuator parameters at the
output of the system were determined via the mechanical gains of the actuator
transmissions as well as the effective mechanical gains associated with the
manipulator geometry. This closely followed the kinematic influence coefficient
methodology developed by Benedict and Tesar [1978] for planar mechanisms
which was then extended to spatial manipulators by Thomas and Tesar [1982].
These authors used kinematic influence coefficients to reduce the dynamic
parameters of the system to their effective values about the generalized inputs.
Kinematic influence coefficients can be applied to any open or closed loop
mechanical system [Freeman and Tesar, 1988] and they have have also been
used to model the compliance of serial manipulators [Fresonke et al., 1988].
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However, these works did not address how the internal parameters of the
actuators (i.e. motor and gear train parameters) transform to the output of
the system. This work demonstrates that for actuator transmission values
greater than 10 : 1, many inertia properties of the prime mover dominate the
explicit mass parameters of the manipulator links (and their attached actuator
masses).
The actuator transmission gains and the effective mechanical gains al-
lowed us to develop bounds on the system performance; that is, the system
is guaranteed to achieve the performance specified by the bound or better
over all task-space directions. This is equivalent to the notion of isotropic
performance as discussed by Bowling and Khatib [1995]. The isotropic perfor-
mance is defined as the minimum achievable performance of the manipulator
over all task-space directions and it was computed by Bowling and Khatib
[1995] via the ellipsoid expansion method (speed, acceleration and force only).
The ellipsoid expansion method requires complex computations that clouds
the influence of system parameters to the designer. The performance bounds
developed in this work, however, are easy to compute (they require computa-
tion of the gain functions associated with the manipulator geometry) and they
allow the designer to easily determine how each system parameter influences
the functional capacity of the system.
Another important goal of the present work was to analyze the trade-
offs between the actuator parameters and the resulting performance of the
system. The works of Matone and Roth [1998] and Kovecses et al. [2001] ad-
dress these trade-offs. Matone and Roth [1998] investigated how the locations
of the actuator transmissions affect the dynamic transmissibility of serial chain
mechanisms. Kovecses et al. [2001] demonstrated that an increase in the actu-
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ator reduction ratios does not correspond to increased system responsiveness
(as one would expect since the actuator torque increases) but could in fact
cause the responsiveness to decrease due to the amplification of the actuator’s
rotary inertia. As mentioned before, the works of Matone and Roth [1998]
and Kovecses et al. [2001] address the very important issue of understanding
the trade-offs between the actuator parameters and the resulting manipulator
performance but they are limited to only addressing the torque, mass, inertia
and transmission gain. In the present work, further investigations of the trade-
offs between a wide range of actuator parameters on the functional capacity
of robotic manipulators were investigated. For example, the trade-off between
accuracy and effective mass, trade-off between force capability and the overall
system responsiveness, etc.
The characterization of the dynamic performance of robotic manipu-
lators was another important goal for this research. Ma and Angeles [1990]
introduced a method to characterize the dynamic performance of robotic ma-
nipulators - the concept of dynamic isotropy. Dynamic isotropy is achieved
when the generalized inertia matrix of robotic manipulator is completely de-
coupled (mathematically, this means that the matrix is diagonal) and has sev-
eral advantages including simplified state-space representation, decoupled iner-
tia torques and weak joint coupling [Ma and Angeles, 1993]. Hence, to achieve
better dynamic performance especially for high speed and high-precision ma-
nipulation tasks, dynamic isotropy is essential. In the present work, two new
criteria to characterize the degree of dynamic isotropy of a serial chain mech-
anism as well as the sensitivity of kinetic energy flow were presented. The
first criterion is based on the critical values of kinetic energy ratios, termed
the kinetic energy partition values (first introduced by Benedict and Tesar
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[1971] for N -DOF planar systems), and it allowed us to investigate the degree
of inertial decoupling (i.e. dynamic isotropy) in the system due to the actu-
ator masses, rotary inertias, transmission gains and the mechanical gains of
the manipulator. Furthermore, this criterion was used in the design of a six-
DOF mechanism to achieve dynamic isotropy while investigating the trade-offs
between the system’s effective mass. It was found that as dynamic isotropy
increased (i.e. high inertial decoupling), the effective mass of the system also
increased. The second criterion was based on the rates of change of the kinetic
energy partition values and it allowed us to determine the sensitivity of ki-
netic energy flow within the system which is important to understand as more
kinetic energy flow implies high inertial forces acting on the system further
implying a loss of precision.
Analyzing the effects of the distribution of the actuator parameters on
the performance capability of the system is another important goal for this
research. Hill and Tesar [1997] developed position, velocity and acceleration
norms based on recursive kinematics and dynamics formulations to determine
the required distribution of mechanical parameters such as mass, accuracy and
load capacity given a set of task requirements. Since the norms are depen-
dent on the kinematic state of the robotic manipulator, several iterations are
required to evaluate these norms. In the present work, the non-recursive kine-
matic and dynamic formulations based on the method of kinematic influence
coefficients developed for planar systems by Benedict and Tesar [1978] and for
spatial systems by Thomas and Tesar [1982] was implemented in the develop-
ment of the performance bounds. This allows for the complete separation of
the system parameters from the kinematic states of the system allowing us to
determine the effective values of the parameters at the system output via the
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kinematic influence coefficients of the system. Hence, the method developed
in the present work will allow the designer to match the system parameters
with the given task specifications without the need of iterations. Special em-
phasis was placed on the mechanical gain of the actuator transmission because
it dictates how the internal parameters of the actuator affect the functional
capacity of the system. It was shown that the distribution of this dominant
parameter greatly influences the performance of the system and, therefore, its
application domain [Tesar, 2006].
Table 7.1 summarizes the major findings in the literature as well as the
contributions made in this research in the various topics described above.
7.1.2 Performance Parameter Estimation
In this section, the methodology presented in this research is reviewed
and the major contributions made in Chapters 3 and 4 regarding the trans-
formation of the system parameters to their effective values at the tool-point
are discussed.
7.1.2.1 Analytic Framework
The basis of the analytic framework presented in this work are the me-
chanical gains of the actuator transmissions as well as the effective mechanical
gains associated with the geometry of the robotic manipulator. The actuators
considered in this work are one-DOF and they are equipped with a gear train
existing in a purely rotary domain where the mechanical gain function (or
g-function) is found to be the constant ratio of the output transmission speed
(joint speed) to the input transmission speed (motor speed) and, therefore, it
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Figure 7.1. Transformations the motor parameters undergo
to be represented at the manipulator’s task space.
is a dimensionless scalar quantity. A manipulator, on the other hand, is an
N-DOF serial system (where N is typically six or higher and is equal to the
number of actuated joints) that can both translate and rotate its end-effector
(six directions total). The actuators considered in this work are equipped with
transmissions that have a constant g-function describing its input-output rela-
tionship while the g-function of a robotic manipulator varies over its workspace
(i.e. it is position dependent). Hence, a robotic manipulator comprised of ac-
tuators has two types of gain functions to transform the system parameters -
the actuator and manipulator gains (see Figure 7.1). Let g¯a be the set of all
actuator g-functions and g¯m the set of all manipulator g-functions. Then the
total g-function of the system is
g¯T = g¯a × g¯m. (7.1)
This product of the g-functions is a very important concept that was present
in all the parameter transformations presented in Chapters 3 and 4.
The g-function of a manipulator relating the joint space (input space)
and task space (output space) is a matrix-valued function also known as the
Jacobian matrix. This matrix can be decomposed into it’s translational and
rotational components where column i of the translational Jacobian, denoted
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by (JT )i ∈ <3, is determined as follows [Thomas and Tesar, 1982]:
(JT )i = si × (P − pi) (7.2)
where si ∈ <3 is a unit vector pointing along the axis of motion of joint i,
pi ∈ <3 is a vector locating the origin of the ith local frame attached to joint
i and, finally P ∈ <3 is the vector locating the tool point (with respect to
the base frame). This means that (P − pi) is the vector from the origin of
the local DH frame attached to joint i to the tool-point of the manipulator.
For this reason, Li = ‖(JT )i‖2 (where ‖·‖2 denotes the standard Euclidean
or distance norm) is referred to as the effective distance from joint i to the
tool-point. For planar manipulators, the vector si is always perpendicular to
the plane in which the system’s output motion is constrained; that is, si is
always perpendicular to (P − pi) for all ϕ. This means that Li for planar
manipulators is exactly the distance from joint i to the tool-point.
The effective manipulator gains and the mechanical gains of the actu-
ator transmissions are used to determine bounds on the system’s performance
over all task-space directions. That is, the robotic manipulator can achieve
that performance or better which is similar to the isotropic performance com-
puted by the ellipsoid expansion method of Bowling and Khatib [1995]. The
ellipsoid expansion method, however, involves complex transformations requir-
ing the use of pseudo-inverses of matrices, minimizing functions, etc. which
clouds the influence of the system parameters making it non-intuitive for the
designer and requires the use of optimization algorithms. The performance
bounds developed in this work, on the other hand, implement simple trans-
formations involving the mechanical gains of the actuator transmissions and
the effective mechanical gains associated with the manipulator geometry. This
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Table 7.2. Transformation of actuator parameters to their
effective values at system output.
Effective Output Value Parametersa
Speed ueffi = g¯iω
M
i Li
g¯i Actuator Gain
ωMi Motor Speed
Force feffi =
ηiτ
M
i
g¯iLi
g¯i Actuator Gain
τMi Motor Torque
ηi Efficiency
Encoder
Resolution
εeffi = εig¯iLi
g¯i Actuator Gain
εi Encoder Resolution
Stiffness Keffi =
Ki
g¯2iL
2
i
g¯i Actuator Gain
Ki Rotary Stiffnessb
Effective
Mass
ameffi = m
a
i
mA2i +
IMi
g¯2i
IA2i
g¯i Actuator Gain
mai Actuator Mass
IMi Rotary Inertia
c
Responsiveness aeffi =
feffi
ameffi +l m
eff
i
g¯i Actuator Gain
τMi Motor Torque
mai Actuator Mass
IMi Rotary Inertia
c
lmeffi Link Parameters
a The parameters associated with the manipulator geometry are the effective ma-
nipulator gains Li, as well as the mass and inertia amplification factors mAi and
IAi, respectively.
b Includes rotary stiffness of the rotor air gap and the effective stiffness of the gear
train transmission at the motor side.
c Includes the rotor inertia and the effective inertia of the gear train transmission
at the motor side.
makes the design process intuitive (transparent) to the designer because he/she
can easily determine the impact or influence of each of the system parameters
on the overall performance of the robotic manipulator.
7.1.2.2 Parameter Transformations
In Chapter 3, the transformations for motor speed, motor torque, trans-
mission efficiency, encoder resolution and rotary stiffness were presented. The
transformations of mass, rotary inertia and responsiveness were presented in
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Chapter 4. These parameter transformations make use of the mechanical gains
of the actuator transmissions as well as the effective mechanical gain associ-
ated with the manipulator geometry. The key transformations presented in
Chapters 3 and 4 are summarized in Table 7.2. In this table, the transforma-
tions of the actuator parameters to their effective values at the system output
are provided.
These transformations are used to determine bounds on the system’s
performance and can be used to determine the necessary actuator parameters
given a set of required/desired task requirements. That is, the designer can
use these analytic tools to determine the system parameters to match the
robotic manipulator performance capabilities with the task requirements. For
example, if goal of the designer is to select a distribution of parameters g¯i and
τMi for all i to achieve the required task force, then the following relationship
must be satisfied for all joints i:
ftˆ ≥ f effi ≥ f tasktˆ . (7.3)
In Eq. 7.3, ftˆ represents the force capability of the manipulator, f
task
tˆ
is the
force required to successfully execute the task and f effi is the effective force
of actuator i at the output of the system (see Table 7.2). Given particular
values of g¯i and τ
M
i for all i, the lower bound on the manipulator force f
eff
i =
τMi (g¯iLi)
−1 (assuming the transmission efficiency ηi = 1 for all i) can be
evaluated for all i and compared to the task force f task
tˆ
. If f effi ≥ f tasktˆ , then
the manipulator force ftˆ will be greater than the required task force meaning
that the choice of g¯i and τ
M
i satisfies the problem of Eq. 7.3. For this reason, we
say that τMi (g¯iLi)
−1 provides a rule by which the designer can easily and with
physical intuition obtain a solution to the problem of Eq. 7.3. From Eq. 7.3,
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Figure 7.2. Description of geometric parameters associated
with a serial chain mechanism.
it can be deduced that the torque of the actuators can decrease from base
to wrist to best control/influence the output force level of the manipulator.
That is, shoulder actuators require high torque (due to the larger Li associated
with them) and the wrist actuators can have lower torque (due to the smaller
Li associated with them). The performance bounds for the other parameters
similar to Eq. 7.3 can be found in Chapter 3 and 4.
As described in the configuration management case studies in Chapter
6, if each joint in a six-DOF robot manipulator can be actuated by 12 distinct
actuator modules, then the exponential design space X (i.e. the space of all
possible design configurations) would have a size of |X| = 126 = 2, 985, 984.
This means that the designer must evaluate the performance of close to 3
million designs and part of these designs will be infeasible since they will not
satisfy the task requirements whereas the remaining designs will be feasible.
The job of the designer is then to sort through the feasible design space to find
the design configuration which optimizes some objective(s) such as the implicit
but important minimum weight objective. If an exhaustive dynamic simula-
tion approach is taken, then the designer needs to compute all the necessary
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components required to evaluate the performance of each design configuration
which can involve inverses or pseudo-inverses of matrices that are combinations
of the Jacobian and effective inertia matrices (see, for example, the limiting
joint approach of Pholsiri [2004] or Bowling and Khatib [2005]). Increasing
the number of actuator choices from 12 to 13 would cause the design space to
have a size of |X| = 136 = 4, 826, 809, meaning that an extra 1, 840, 825 de-
sign configurations need to be evaluated. Hence, a direct dynamic simulation
approach is very computationally expensive and can easily become intractable
both in terms of computations and data storage.
The analytic framework presented in this research exploits the geomet-
ric structure of serial chain mechanisms which benefits the designer because
they can find a solution with minimal computational effort - only require the
basic geometric parameters of the system as shown in Figure 7.2. The ana-
lytics developed informs the designer how to easily manage the parameters of
each actuator to balance the required task parameters based on the location
of the actuator along the serial chain (shoulder vs. wrist). The configuration
management design case studies provided in Chapter 6 are important because
they address the fundamental issue of assembly of manipulator systems based
on required task specifications. Many fields benefit from the analytic approach
presented in this work. For example, the use of robotics for open architecture
human rehabilitation systems that can be assembled on demand and reconfig-
ured based on changing patient requirements by the medical clinician [Tesar,
2007a].
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7.1.3 Kinetic Energy Partition Values
In Chapter 5, a description of the Kinetic Energy Partition Values
(KEPV) of serial chain mechanisms, as well as their rates of change, are pre-
sented. The KEPVs arise from the partitioning of the mechanism’s kinetic
energy and correspond to the critical values of the kinetic energy ratios of the
actuators and links and are indicators of the kinetic energy distribution within
the system while the rates of change of the KEPVs indicate the sensitivity to
change of the location of that kinetic energy. A high value for the KEPV rate
of change together with a high operational state implies that the amount of
kinetic energy flowing in the system is large further implying a loss of preci-
sion in the system due to large inertial actuator torques being applied. The
KEPVs and their rates can be used to identify the actuators whose parame-
ters (mass, inertia and mechanical gain) greatly affect the overall distribution
of kinetic energy within the system thereby allowing the designer to optimize
these actuators to improve the performance of the overall mechanism.
Two design criteria, one based on the KEPVs and another based on
their rates of change, are developed. These are as follows:
det (Γ) =
N∏
k=1
γkk (7.4)
tr
(
jΞ
)
=
N∑
k=1
jξkk (7.5)
where γkk is the KEPV of link k and
jξkk is the rate of change of γ
k
k . The
values of γkk and
jξkk are dependent on the mass and inertia parameters of the
system (actuators and links) as well as the mechanical gain of the actuator
transmission gains and the mechanical gains associated with the manipulator
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geometry. These design criteria are indicators of both the dynamic isotropy
of the system as well as the amount of kinetic energy flow within the system.
It was demonstrated that the mechanical gains in the actuators significantly
influence the magnitude of the kinetic energy as well as its distribution within
the system. The KEPVs and their rates of change provide a novel new ap-
proach to analyzing the dynamic character of serial chain mechanisms.
In Chapter 6, the dynamic characterization case study (Case Study V)
illustrated how the KEPV criterion given in Eq. 7.4 can be used along with
an effective mass criterion to investigate the trade-offs between the degree of
inertial coupling in the system and the effective tool-point mass of the system.
The results of this design case study aligned with physical intuition and with
results found in the literature. For example, Youcef-Toumi and Asada [1985]
showed that a direct-drive manipulator has a high degree of inertial coupling
but has low effective tool-point mass. This result was also observed in the
design case study where it was determined that a direct drive manipulator has
a low value of the KEPV criterion indicating a high degree of inertial coupling.
The KEPV rate criterion given in Eq. 7.5 was found to be an indicator of
the total kinetic energy flow in the system due to changes in joint position.
However, in future work this claim should be verified by detailed dynamic
simulations or experimentation.
In this research, dynamic performance of the robot was analyzed through
the partitioning of kinetic energy because this gave the designer insight into
how to manage the actuator parameters to achieve a higher degree of dy-
namic isotropy the benefits of which include: (1) reduced nonlinear inertial
load terms, (2) application in high-speed, high precision manipulation tasks,
(3) simplified state-space representation of the system and, (4) application of
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simplified control schemes [Asada, 1983; Tourassis and Neuman, 1985; Youcef-
Toumi and Asada, 1985; Ma and Angeles, 1993]. However, this represents
only one approach to evaluating the dynamic performance of these systems.
In future work, other factors influencing the dynamic performance of the sys-
tem such as the effects of jerk should be addressed to obtain a more complete
description of the system’s dynamic behavior.
7.1.4 Design Case Studies
In this work (Chapter 6), five design case studies were presented to
illustrate how the analytical formulations developed in Chapters 3-5 can be
used to address a wide variety of design problems in distinct application do-
mains. These case studies allowed us to develop design guidelines for each of
the application domains. The results and observations made for each of the
case studies is summarized in Table 7.3. A more detailed overview is presented
below.
174
T
ab
le
7.
3.
R
es
u
lt
s
an
d
ob
se
rv
at
io
n
s
of
d
es
ig
n
ca
se
st
u
d
ie
s.
A
n
al
y
si
s
of
A
ct
u
at
or
G
ai
n
D
is
tr
ib
u
ti
on
s
•
T
he
di
st
ri
bu
ti
on
of
th
e
ac
tu
at
or
tr
an
sm
is
si
on
ga
in
s
pr
in
ci
pa
lly
ch
ar
ac
te
ri
ze
s
th
e
pe
rf
or
m
an
ce
of
th
e
sy
st
em
.
•
In
a
co
ns
ta
nt
re
du
ct
io
n
ra
ti
o
di
st
ri
bu
ti
on
(p
=
0)
,t
he
m
an
ip
ul
at
or
lin
k
di
m
en
si
on
ga
in
s
do
m
in
at
e
th
e
ac
tu
at
or
ga
in
s
pr
od
uc
in
g
a
ro
bo
t
ex
hi
bi
ti
ng
hi
gh
sp
ee
d
an
d
lo
w
to
rq
ue
an
d
st
iff
ne
ss
.
•
In
a
lin
ea
r
di
st
ri
bu
ti
on
(p
=
1)
,t
he
ac
tu
at
or
ga
in
s
ba
la
nc
e
th
e
m
an
ip
ul
at
or
ga
in
s
pr
od
uc
in
g
a
ro
bo
t
ex
hi
bi
ti
ng
hi
gh
sp
ee
d,
lo
w
fo
rc
e
an
d
lo
w
st
iff
ne
ss
.
•
In
a
cu
bi
c
di
st
ri
bu
ti
on
(p
=
3)
,t
he
ac
tu
at
or
ga
in
s
do
m
in
at
e
th
e
m
an
ip
ul
at
or
ga
in
s
pr
od
uc
in
g
a
ro
bo
t
ex
hi
bi
ti
ng
lo
w
sp
ee
d,
hi
gh
fo
rc
e
an
d
hi
gh
st
iff
ne
ss
w
it
h
a
w
ei
gh
t
di
st
ri
bu
ti
on
sk
ew
ed
to
w
ar
d
th
e
ba
se
.
C
on
fi
gu
ra
ti
on
M
an
ag
em
en
t
•
T
he
an
al
yt
ic
pr
oc
es
s
de
ve
lo
pe
d
in
th
is
re
po
rt
re
du
ce
s
th
e
eff
or
t
in
th
e
in
it
ia
l
ph
as
es
of
th
e
de
si
gn
pr
oc
es
s
(t
ot
al
nu
m
be
r
of
de
si
gn
it
er
at
io
ns
ca
n
be
re
du
ce
d)
.
•
Fo
r
lo
w
fo
rc
e
le
ve
ls
,t
he
w
ei
gh
t
of
th
e
ac
tu
at
or
s
is
ev
en
ly
di
st
ri
bu
te
d
al
on
g
th
e
le
ng
th
of
th
e
m
an
ip
ul
at
or
.
A
s
th
e
fo
rc
e
le
ve
l
in
cr
ea
se
s,
th
e
w
ei
gh
t
di
st
ri
bu
ti
on
is
sk
ew
ed
to
w
ar
d
th
e
ba
se
.
•
A
s
th
e
re
qu
ir
ed
to
ol
-p
oi
nt
sp
ee
d
u˙
tˆ
in
cr
ea
se
s,
th
e
fo
rc
e
le
ve
lf
tˆ
of
th
e
sy
st
em
de
cr
ea
se
s
at
a
ra
te
of
f tˆ
∝
u˙
−
1
tˆ
.
•
A
s
th
e
to
ta
l
ac
tu
at
or
w
ei
gh
t
of
th
e
sy
st
em
W
s
y
s
in
cr
ea
se
s,
th
e
fo
rc
e
le
ve
l
f tˆ
of
th
e
sy
st
em
in
cr
ea
se
s
at
a
ra
te
of
f tˆ
∝
W
2 s
y
s
.
D
es
ig
n
in
g
fo
r
H
u
m
an
-R
ob
ot
In
te
ra
ct
io
n
s
•
T
he
ac
cu
ra
cy
(d
ef
or
m
at
io
n
un
de
r
lo
ad
)
of
a
se
ri
al
ch
ai
n
m
an
ip
ul
at
or
is
m
or
e
se
ns
it
iv
e
to
th
e
st
iff
ne
ss
ch
ar
ac
-
te
ri
st
ic
s
of
th
e
sh
ou
ld
er
an
d
el
bo
w
ac
tu
at
or
s.
•
T
he
eff
ec
ti
ve
m
as
s
of
a
se
ri
al
ch
ai
n
m
an
ip
ul
at
or
is
m
or
e
se
ns
it
iv
e
to
th
e
in
te
rn
al
in
er
ti
al
ch
ar
ac
te
ri
st
ic
s
of
th
e
w
ri
st
ac
tu
at
or
s.
•
A
s
th
e
st
iff
ne
ss
K
e
f
f
of
th
e
sy
st
em
in
cr
ea
se
s,
th
e
eff
ec
ti
ve
m
as
s
m
e
f
f
in
cr
ea
se
s
at
a
ra
te
of
m
e
f
f
∝
( Kef
f
) 2 .
175
D
es
ig
n
in
g
fo
r
R
es
p
on
si
ve
n
es
s
•
T
he
eff
ec
ti
ve
to
ol
-p
oi
nt
fo
rc
e
f
e
f
f
i
of
ea
ch
ac
tu
at
or
va
ri
es
lin
ea
rl
y
w
it
h
in
cr
ea
si
ng
re
du
ct
io
n
ra
ti
o
of
th
e
tr
an
sm
is
si
on
G¯
i;
th
at
is
,
f
e
f
f
i
∝
G¯
i.
•
T
he
eff
ec
ti
ve
to
ol
-p
oi
nt
m
as
s
m
e
f
f
i
of
ea
ch
ac
tu
at
or
va
ri
es
qu
ad
ra
ti
ca
lly
w
it
h
in
cr
ea
si
ng
re
du
ct
io
n
ra
ti
o
of
th
e
tr
an
sm
is
si
on
G¯
i;
th
at
is
,
m
e
f
f
i
∝
G¯
2 i
.
•
A
n
op
ti
m
al
va
lu
e
of
th
e
eff
ec
ti
ve
to
ol
-p
oi
nt
re
sp
on
si
ve
ne
ss
is
ac
hi
ev
ed
by
ba
la
nc
in
g
th
e
eff
ec
ti
ve
fo
rc
e
f
e
f
f
i
an
d
eff
ec
ti
ve
m
as
s
m
e
f
f
i
va
lu
es
.
D
y
n
am
ic
C
h
ar
ac
te
ri
za
ti
on
•
T
he
ki
ne
ti
c
en
er
gy
pa
rt
it
io
n
va
lu
e
cr
it
er
io
n
pr
ov
id
es
a
us
ef
ul
m
ea
ns
of
an
al
yz
in
g
th
e
de
gr
ee
of
dy
na
m
ic
is
ot
ro
py
a
in
se
ri
al
ch
ai
n
m
ec
ha
ni
sm
s.
•
A
s
th
e
de
gr
ee
of
dy
na
m
ic
is
ot
ro
py
in
cr
ea
se
s
(i
ne
rt
ia
l
co
up
lin
g
de
cr
ea
se
s)
,
th
e
eff
ec
ti
ve
m
as
s
of
th
e
sy
st
em
in
cr
ea
se
s.
•
A
pa
yl
oa
d
ad
ds
to
th
e
de
gr
ee
of
in
er
ti
al
co
up
lin
g
in
th
e
sy
st
em
an
d
th
e
eff
ec
ti
ve
m
as
s.
a
D
yn
am
ic
is
ot
ro
py
is
ac
hi
ev
ed
w
he
n
th
er
e
is
a
co
m
pl
et
e
de
co
up
lin
g
of
th
e
in
er
ti
al
pa
ra
m
et
er
s
in
th
e
ro
bo
ti
c
m
ec
ha
ni
sm
.
176
7.1.4.1 Case Study I: Analysis of Actuator Gain Distributions
The goal of this case study was to investigate the effects of the distribu-
tion of the dominant mechanical gain parameter of the actuator transmissions
on the performance characteristics (and, therefore, the application domain) of
serial robotic manipulators. It was demonstrated that this gain distribution
dominates the characterization of the performance of these systems. Specifi-
cally, it was shown that for constant distribution (p = 0), the effective manip-
ulator gains dominate the actuator gains producing a robot exhibiting high
speed and low torque and stiffness. The direct-drive manipulator was shown
to be a special case of the constant ratio distribution. For linear distribution
(p = 1), the actuator gains counteract (or cancel) the effects of the manipula-
tor gains producing a robot exhibiting high speed, low force and low stiffness
(and thus low accuracy) that is slim and has a uniform weight distribution.
For the dramatic cubic distribution (p = 3), on the other hand, it was shown
that the actuator gains dominate the manipulator gains producing a robot
exhibiting low speed, high force and high stiffness (and thus high accuracy)
that has rugged, high torque actuators at its base and has a skewed weight
distribution (skewed toward the base). This case study lead to the following
four design guidelines:
Gain Distribution Guideline 1: The mechanical gains associated with the
manipulator geometry Li dominates the mechanical gains of the actuator trans-
missions g¯i in a serial chain manipulator having a constant actuator gain dis-
tribution (p = 0). Therefore, high motor speeds at the wrist and high motor
torques and stiffness are needed at the shoulder to best control/influence the
speed, force and accuracy of the system.
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Gain Distribution Guideline 2 The mechanical gains of the actuator trans-
missions g¯i balance the mechanical gains associated with the manipulator geom-
etry Li in a serial chain mechanism having a linear actuator gain distribution
(p = 1). Therefore, a manipulator with this type of actuator gain distribution
should be equipped with compact actuator meaning that the manipulator is long
and slim with high dexterity.
Gain Distribution Guideline 3 The mechanical gains of the actuator trans-
missions g¯i begin to dominate the mechanical gains associated with the manip-
ulator geometry Li in a serial chain mechanism having a quadratic actuator
gain distribution (p = 2). Therefore, a manipulator with this type of actuator
gain distribution exhibits medium speed, medium force and medium stiffness
and the weight distribution is skewed toward the base.
Gain Distribution Guideline 4 The mechanical gains of the actuator trans-
missions g¯i completely dominate the mechanical gains associated with the ma-
nipulator geometry Li in a serial chain mechanism having a cubic actuator
gain distribution (p = 3). Therefore, a manipulator with this type of actuator
gain distribution is ideal for high force and precision manipulation tasks under
disturbances.
The guidelines above inform the designer how the mechanical gains
of the actuator transmissions affect the performance of the system and how
these gains should be used in conjunction with the motor parameters. For
example, when designing a high speed, low force manipulator, the transmission
ratios of the actuators should be uniform and emphasis should be placed on
the speeds of the wrist actuators and the torques of the shoulder actuators.
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Figure 7.3. (a) Tool-point force vs. speed and (b) force vs.
weight of UTRRG manipulator configurations.
This case study demonstrates the importance of understanding the role of
the critical actuator transmission gain parameter and how it (along with the
mechanical gain associated with the manipulator geometry) transforms the
motor parameters to the output.
7.1.4.2 Case Study II: Configuration Management
The goal of this design case study was to provide a design example to
configure a 6DOF Puma-style robotic manipulator from a finite set of actuator
modules such that the system meets a specified level of force and speed while
exhibiting minimum weight. This case study allowed us to investigate the
weight distribution along the manipulator length for increasing force levels as
well as the trend between the force and speed (see Figure 7.3). This case study
lead to the following three design guidelines:
Configuration Management Guideline 1: For low force levels, the weight
of the actuators should be evenly distributed along the length of the manipula-
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tor. As the force level increases, the weight distribution is skewed toward the
base.
Configuration Management Guideline 2: For the 6-axis, serial robotic
manipulator configured from the UTRRG actuator modules, as the tool-point
speed u˙tˆ of the system increases, the force level ftˆ of the system decreases at a
rate of ftˆ ∝ u˙−1tˆ .
Configuration Management Guideline 3: For the 6-axis, serial robotic
manipulator configured from the UTRRG actuator modules, as the total actu-
ator weight of the system W increases, the force level ftˆ of the system increases
at a rate of ftˆ ∝ W 2.
The configuration management case study is important because it ad-
dresses the fundamental issue of assembly of manipulator systems based on re-
quired task specifications against the implicit but important minimum weight
objective. The analytic process developed here dramatically reduces the effort
in the phases of the design process meaning that the number of design iter-
ations can be reduced. Many fields benefit from this approach; for example,
the use of robotics for open architecture human rehabilitation systems that
can be assembled on demand by the medical clinician. The same applies for
educational systems, medical surgery cells, low end manufacturing (fettling)
cells, etc. [Tesar, 2007a]. This enhances the feasibility for the development of
a configuration manager for each application domain.
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7.1.4.3 Case Study III: Designing for Human-Robot Interactions
The goal of the design case study is to investigate the design trade-
offs between accuracy and effective mass in a 6-axis, serial chain mechanism
intended for Human-Robot Interactions (HRI). The design parameters con-
sidered were the mechanical gains of the actuator transmissions, the rotary
compliance as well as the mass and inertia of the actuators. The design objec-
tives were to minimize the positional error of the end-effector given an applied
load at the tool-point as well as to minimize the effective mass of the sys-
tem. It should be noted that for prosthetic applications the overall system
must be light. It was concluded from this example that in order to achieve
a good balance between the total tool-point error and the effective mass of
the system the wrist joints (4, 5 and 6) should be direct-drive since these
joints highly influence the overall effective mass of the system and the shoul-
der and elbow joints (1, 2 and 3) should have a transmission with a small
reduction (perhaps 30 : 1) since these joints don’t influence the effective mass
greatly but a reduction ratio will reduce the total tool-point error. To sustain
a given payload, direct-drive actuators would require large volumes and would
be comparatively heavy against an actuator having even a small transmission
reduction ratio (perhaps 5 : 1 or 10 : 1). In their work, Vaculik and Tesar
[2008] demonstrated that the mass of an actuator ma decreases at a rate of
ma ∝ G¯−1 = g¯ with the transmission ratio G¯ in order to maintain the output
torque and speed constant. Hence, even a small reduction would reduce the
total weight of the system. This case study lead to the following four design
guidelines:
HRI Guideline 1: The accuracy of a serial chain manipulator is sensitive
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Figure 7.4. Effective tool-point mass vs. effective stiffness
for HRI manipulator configurations.
to the stiffness characteristics of the shoulder and elbow actuators. This is
due to the fact that the effective manipulator gains Li associated with these
actuators are large on average over the workspace. Therefore, the stiffness
characteristics of these actuators should be improved by either (i) implementing
a high transmission reduction ratio and/or (ii) implementing a motor and gear
train with high stiffness.
HRI Guideline 2: The effective mass of a serial chain manipulator is sen-
sitive to the inertial characteristics of the wrist actuators. This is due to the
fact that the effective manipulator gains Li associated with these actuators are
small on average over the workspace. Therefore, the inertial characteristics of
these actuators should be reduced by either (i) implementing a low transmis-
sion reduction ratio and/or (ii) implementing a motor and gear train with low
mass and rotary inertia.
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HRI Guideline 3: For HRI applications where the design objectives are to
maximize accuracy and minimize effective mass, a good balance between the
objectives is obtained by implementing a small transmission reduction ratio in
the shoulder and elbow joints to improve the accuracy of the system and by
implementing direct-drive actuators in the wrist joints to reduce the effective
mass of the system.
HRI Guideline 4: For the 6-axis manipulator and actuator set considered for
the HRI application, as the stiffness Keff of the system increases, the effective
mass meff increases at a rate of meff ∝ (Keff)2. For HRI applications, this
implies that a balance between accuracy (deformation under load) and effective
mass must be achieved.
From the HRI case study, we observed that the accuracy of the system
is very sensitive to the stiffness of the shoulder and elbow actuators while
the effective mass is very sensitive to the inertia of the wrist actuators. These
results are in accordance with the results obtained from Case Study I where the
effects of the mechanical gains of the actuator transmissions were investigated.
In addition, when the design objectives are to maximize accuracy (deformation
under load) and minimize effective mass, a good balance between the objectives
is obtained by implementing reduction ratios up to 30 : 1 in the shoulder and
elbow actuators and reduction ratios up to 10 : 1 in the wrist actuators. This
reduces the total weight of the system and improves its accuracy.
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7.1.4.4 Case Study IV: Designing for Responsiveness
The goal of this design case study was to investigate how the internal
parameters of the actuators affect the responsiveness of the system. Specifi-
cally, it was demonstrated how the motor torque, actuator mass, rotary inertia
and the mechanical gain of the actuator transmission along with the mechani-
cal gain associated with the manipulator geometry can be managed to improve
the overall responsiveness of the system. As can be expected, if the design has
minimum effective mass then it has low force capability and, conversely, if
the design has maximum force capability then it has high effective mass. The
configuration which achieved maximum responsiveness was a balance of the
maximum force and minimum effective mass configurations. This configura-
tion had all the transmission gear ratios with the lowest value and all the
actuator motors with largest torque rating. Since the motor has the largest
torque rating, the actuators have higher effective force than with the other
motors but since the transmission has the smallest gear ratio the actuators
have lower effective mass than with the other transmissions. This resulted in
the best balance between the effective mass of the actuators and the effective
force producing a manipulator with maximum responsiveness.
This design case study allowed us to investigate another interesting
trend, the trend between the responsiveness and the transmission gains. It was
observed that increasing the reduction ratio G¯ for the wrist actuator produces
a non-monotonic trend in the effective tool-point responsiveness of the actuator
as shown in Figure 7.5. In the range of G¯ ∈ [1 : 1, 7 : 1], the effective force
dominates the effective mass since the responsiveness is increasing and in the
range of G¯ ∈ [8 : 1, 25 : 1], the effective mass dominates the effective force since
the responsiveness is decreasing (see also the example of Chapter 4). Hence,
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Figure 7.5. Effective responsiveness of (a) shoulder actua-
tor and (b) wrist actuator as a function of reduction ratio.
for the actuators a balance between the effective force and effective mass must
be met.
The responsiveness design case study lead to the following three design
guidelines:
Responsiveness Guideline 1: Given that the motor parameters are fixed
(i.e. motor torque, mass and rotary inertia are fixed), then the effective tool-
point force of each actuator varies linearly with increasing reduction ratio of
the transmission (where reduction ratio G¯ is the inverse of mechanical gain
g¯); that is, f effi ∝ G¯i = g¯−1i . See Chapter 3, Section 2 for further details.
Responsiveness Guideline 2: Given that the motor parameters are fixed
(i.e. motor torque, mass and rotary inertia are fixed), then the effective tool-
point mass of each actuator varies quadratically with increasing reduction ratio
of the transmission; that is, meffi ∝ G¯2i = g¯−2i . See Chapter 4, Section 1 for
further details.
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Responsiveness Guideline 3: Given that the motor parameters are fixed
(i.e. motor torque, mass and rotary inertia are fixed), then an optimal value
of the effective tool-point responsiveness is achieved by balancing the effective
force and effective mass values.
As mentioned above, responsiveness is improved by balancing both the
force and inertial parameters of the actuators. For small reduction ratios the
effective force of the actuators dominate causing the responsiveness to increase.
As the reduction ratio increases, however, the effective mass dominates the
effective force and the responsiveness begins to decline. This is due to the
quadratic increase of effective mass with increasing transmission ratio versus
the linear increase of effective force with increasing transmission ratio. Hence,
responsiveness is a trade-off between effective force and effective mass.
7.1.4.5 Case Study V: Dynamic Characterization
In this design case study, a 6-axis, spatial manipulator was used to
illustrate the solution of a multi-criteria design optimization problem where
two conflicting criteria are considered; a KEPV criterion (which measures the
degree of dynamic isotropy) and an effective mass criterion. The goal of the
design problem was to demonstrate how the inertial parameters of the actua-
tors and the mechanical gains of the actuator transmissions alter the kinetic
energy of the system both in terms of its magnitude which is “measured”
via the effective mass criterion and its distribution which is measured via the
KEPV criterion. It is demonstrated that the mechanical gains in the actua-
tors significantly influence the magnitude of the kinetic energy as well as its
distribution within the system due to the amplification of the rotary inertia
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of the actuators. It was observed that the degree of inertial decoupling in-
creased with increasing reduction ratios of the actuators. The solution with
the highest degree of inertial decoupling corresponded to the design configu-
ration that had all the reduction ratios at the highest values for each joint. It
was also demonstrated that as the degree of dynamic isotropy increased (i.e.
greater inertial decoupling), the effective mass of the system also increased
(see Figure 7.6) due to the increasing reduction ratios.
A payload was included to investigate the effects on the inertial distri-
bution within the system. It was observed that when a payload was included,
the degree of inertial coupling increased and the effective mass of the system
also increased by approximately 6×−7× as compared to the case of no payload
(see Figure 7.7). This simple exercise demonstrated the significant impact of
a payload on the inertial distribution within the system. Special care must
be taken by the designer to address the impact of the payload on the system
characteristics.
This design case study lead to the following design guidelines:
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Dynamic Isotropy Guideline 1: As the degree of dynamic isotropy in-
creases (inertial coupling decreases), the effective mass of the system also in-
creases. Hence, the designer must compromise between the degree of inertial
decoupling and the effective mass.
Dynamic Isotropy Guideline 2: A payload adds to the degree of inertial
coupling in the system. For the 6-axis robotic manipulator considered, adding
a 10kg payload caused the effective mass to increase 6− 7×.
7.2 Contributions
Table 7.4 provides a list of the contributions made in this research as
described above. The reader is also referenced to Table 7.1 for comparison be-
tween the findings of the literature and the contributions made in this research.
Table 7.5
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Table 7.4. Primary contributions of this research.
• Mapped actuator parameters to effective values at system output.
– Motor speed, motor torque, transmission efficiency, encoder resolution,
compliance of rotor air gap, rotary compliance of transmission, mass,
rotor inertia, rotary inertia of transmission.
– Mechanical gains of actuator transmission and effective mechanical
gains associated with manipulator geometry used to map parameters.
– The necessary actuator parameters are matched to the required/desired
task specifications.
– Provided designer with physical intuition and allows for the easy explo-
ration of the design space. This was demonstrated through the solution
of 5 distinct design case studies.
– 5 design case studies were investigated: (1) analysis of gain distribu-
tions, (2) configuration management, (3) designing for HRI application,
(4) designing for responsiveness, (5) dynamic characterization.
• Investigated the distribution of the dominant transmission gain parameter
for 4 distribution cases and the effects it had on the speed, force and accuracy
parameters.
• Design trade-offs were analyzed and the effects of the internal actuator pa-
rameters on the functional capacity of the system were investigated.
– Analyzed trade-off between: force vs. speed, force vs. weight, effective
mass vs. stiffness, responsiveness vs. force, responsiveness vs. effective
mass, force vs. transmission mechanical gain, effective mass vs. trans-
mission mechanical gain, dynamic isotropy vs. effective mass, payload
vs. dynamic isotropy.
– 16 design guidelines and lessons learned were obtained for 5 different
application domains.
• Analyzed the dynamic character of serial chain mechanisms through the use
of kinetic energy partition values and their rates of change.
– Two criteria were developed to analyze the dynamic isotropy an the
sensitivity of kinetic energy flow.
– Effects of actuator transmission gain, mass and inertia on the dynamic
isotropy were investigated.
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7.3 Roadmap for Future Work
In the present work, the goal was to develop an analytic framework to
manage the actuator parameters to obtain an improved serial robotic manip-
ulator arm design based on a set of desired/required task specifications. That
is, given a set of task specifications (ex. speed and accuracy required for weld-
ing), we wish to determine the actuator parameters (motor speed and torque,
weight, etc.) such that the robotic manipulator arm achieves these task spec-
ifications or better. Key to this analytic process for design was the mapping
of the actuator parameters to their effective values at the system output (i.e.
tool-point) via the mechanical gains of the actuators as well as the effective
mechanical gains of the manipulator.
Although the accomplishments of this dissertation work are critical,
a more complete and comprehensive framework for design of these complex
systems is achieved by combining the following items [Tesar, 2008]:
• Geometric Motion Programming: The basic goal is to blend both
planar and spatial curves to achieve a dynamically smooth motion of the
robotic manipulator to reduce energy consumption, reduce peak acceler-
ations, etc. Different types of curves such as cusps, elliptical curves, etc.
can be blended or “stitched” together (up to their 4th order properties)
to achieve a more complex motion program (see Figure 7.8). Hence,
a large array of complex tasks can be defined from a relatively small
set of curve primitives (see reference March and Tesar [2008] for further
details).
• End-Effector Tool Performance and Physical Tasks: The basic
goal is to provide end-effector tooling which facilitates the robot’s ca-
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pacity to perform the physical tasks. Tasks which require a combination
of force, precision, dexterity, endurance, efficiency, etc. may be best
performed by set of dedicated and lightweight tools with standardized
quick-change interfaces. To this end, models of the tasks the robotic ma-
nipulator must accomplish as well as the tools the manipulator uses to
accomplish these tasks need to be developed and experimentally verified
(see reference Chang and Tesar [2006] for further details).
• Manipulator Performance: The basic goal both in terms of design
and operation is to manage the actuator parameters to achieve a de-
sired/required level of performance. Having a minimum set of standard-
ized components (actuators and links) with quick-change interfaces that
allow for open architecture systems which can be assembled on demand
and can be rapidly maintained, highly increases the application spec-
trum of these systems [Tesar, 2007b]. The minimum set of standardized
actuators can range from medium scale to heavy duty and since a mini-
mum set is considered, the actuators can be continuously refreshed and
certified to prevent obsolescence and improve performance (see the work
of Vaculik and Tesar [2008]). The premise of the current research is
to manage the actuator parameters to attain an improved manipulator
design.
In each of the above items, there exist a set of parameters the designer/operator
must manage to achieve optimal system performance. These parameters are
referred to as the design parameters when the objective is design and config-
uration management and control parameters when the objective is operation.
In motion programming the design/control parameters are the curvature, tor-
sion, etc. of the motion plan, in tool/task modeling they are the required force,
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weight of tool, etc., and in design they are the mechanical gain, motor speed,
weight, etc. of the system components. When considering each of the three
items simultaneously, the number of parameters becomes unwieldy making the
decision process for the designer/operator unmanageable. Three-dimensional
visual displays, referred to as performance maps, facilitate the decision making
process [Ashok and Tesar, 2008]. In a performance map, the x- and y-axes are
reserved for the design/control parameters and the z-axis is reserved for a per-
formance measure or norm. Multiple design maps can be combined to create
performance envelopes to meet the specific requirements of different applica-
tion domains such as welding, deburring, transport, assembly, light machining,
etc. For example, a typical welding application might require the combination
of speed and accuracy performance maps to generate its performance enve-
lope. The performance envelopes become decision surfaces acting to give the
designer/operator a global perspective on how the design/operational param-
eters affect the overall system performance. In the same manner as achieved
for performance maps, performance envelopes can be projected onto 3D space
for visualization thus facilitating the decision making process.
To illustrate the concepts above and guide the goals that should be
addressed in future work, a simple example will be given next. In this exam-
ple, the goal is to design a robotic manipulator to execute a material removal
task. This simple example will illustrate why geometric motion programming,
tool/task modeling and manipulator performance should be combined to to
create a more complete and comprehensive design framework. It should be
noted that in the example below we will address the problem from the per-
spective of design but a similar research thread for the area of control and
operation should be done to facilitate the decision-making process for the op-
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Figure 7.8. Complex geometric task path requiring blend-
ing of multiple curves.
erator.
7.3.1 Motivating Example: Material Removal
The task is to remove material from a spherical object made of steel
via a material removal process known as orthogonal cutting. There are several
parameters that govern this process; they are, the rake angle α, the cutting
force, Fc, the thrust force, Ft, the depth of cut, do, the width of cut, w, and
the cutting speed v. Suppose that this task is to be executed by a robotic
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Figure 7.9. Robot removing material from a spherical ob-
ject.
manipulator arm equipped with a cutting tool as shown in Figure 7.9. The
goal of the designer/operator would be to produce sufficient specific energy,
denoted by ut, via the robotic manipulator in the cutting zone. The total
specific energy, which is the total energy per unit volume of material removed,
can be computed by [Merchant, 1945; Kalpakjian, 1995]:
ut = us + uf (7.6)
where us is the specific energy required for shearing and uf is the specific
energy lost due to the friction between the tool and the part. The quantities
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us and uf are determined by:
us =
(Fccos (φ)− Ftsin (φ)) cos (α)
wtocos (φ− α) (7.7)
uf =
Rsin (φ)
wtocos (φ− α) (7.8)
where
R =
√
F 2c + F
2
t (7.9)
is the resultant force,
φ = 45◦ + 0.5α− 0.5β (7.10)
is the shear angle and, finally,
β = tan−1
(
Ft + Fctan (α)
Fc − Fttan (α)
)
(7.11)
is the friction angle.
Eq. 7.6 represents the total energy required of the robotic manipulator
to cut the material. Each material has a different specific energy associated
with it. To cut steel, for example, a specific energy of approximately 2.7 W ·s
mm3
is
required [Kalpakjian, 1995]. Suppose that a strip of steel with a width of w =
25mm is to be cut while holding the tool at an angle of α = 10◦. Figure 7.10
shows the performance map of the specific energy versus the cutting force Fc
and the depth of cut to while applying a constant thrust force of Ft = 100N .
The black line represents the contour line corresponding to 2.7 W ·s
mm3
. As can
be seen, as the depth of cut increases, the cutting force required of the robotic
manipulator also increases in order to maintain the required specific energy
necessary for cutting the material (i.e. to remain on the black line as the depth
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Figure 7.10. Specific cutting energy, ut, performance map
as a function of cutting force Fc and depth of cut to. Units
are W · s ·mm−3, N and mm, respectively.
of cut to increases, the cutting force Fc must increase).
The other requirement to successfully execute the cutting process with
the robotic manipulator is to generate the geometric motion plan of the tool to
remove the material from the surface of the sphere. In this situation since we
are removing material from the surface of a sphere, the geometric motion plan
is a simple circular or elliptical motion. The design/control parameters for this
motion are the curvature of the part, κ, the length of the arc segment, s, which
specifies the amount of material to be removed and the time of completion,
T . Each of these parameters influences both the speed, x˙, and acceleration, x¨,
of the tool. Figure 7.11 shows how the tool acceleration varies with the tool
speed and the curvature of the part (curvature for a circle is the inverse of the
radius).
Now that both the task and geometric motion plan are fully defined
and their behavior known with respect to the parameters which govern their
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Figure 7.11. Acceleration, x¨, performance map as a func-
tion of speed x˙ and curvature κ. Units are ms−2, m · s−1
and m−1, respectively.
performance, the objective is to either (a) design the system by selecting the
actuator (and link) parameters that match the task specifications or (b) op-
erate the system by managing the actuator resources (joint position, motor
torque, etc.). The first objective is the focus of the present work while the sec-
ond has been the focus of several researchers at the Robotics Research Group
such as Tisius and Tesar [2004].
Let us address how the design problem would proceed. Given the ge-
ometry of the spherical part (curvature known) as well as how much mate-
rial should be removed (width and depth of cut and travel distance known),
the motion plan can be determined (position, speed and acceleration known).
Knowing also the type of material (e.g. steel) specifies the specific energy
required for cutting which means that the required cutting force can now be
determined. The cutting force, along with the speed and acceleration, would
be used to determine the necessary actuator parameters to successfully execute
the task such that a minimum weight objective is enforced, for example.
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Figure 7.12. Unified decision-making process for design.
7.3.2 Goals for Future Work
Although simple, the example given above demonstrates how perfor-
mance maps can facilitate the decision making process for the designer. It
also illustrates why geometric motion planning, task and tool modeling and
manipulator performance should all be incorporated into one single design
methodology. Below is a list of items that are necessary to build upon the
research presented in this work and push the design methodology forward.
It should be noted that the items listed below address the problem from the
perspective of design but a similar research thread for the area of control and
operation should be addressed to facilitate the decision-making process for the
operator.
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Table 7.6. List of robotic manipulator system parameters
[Hudgens and Tesar, 1992; Hill and Tesar, 1997].
Actuator
Parameters
Mechanical gain, motor torque, motor speed, mass, rotor inertia,
rotor stiffness, interface stiffness (21), encoder resolution, lost
motion, efficiency, volume, responsiveness, power.
Link
Parameters
Mass, center-of-mass vector (3), inertia (6), stiffness (21), geom-
etry (3).
Table 7.7. Geometric curve/surface task modeling primi-
tives and set of representative tasks for remote operations
in lunar environment [Tesar, 2008].
Curves and
Surfaces
Planar Shapes Straight line, inflection, circle, parabola, ellipse, cusp.
Spatial Shapes Inflection, saddle point surface, helical curve, sphericalsurface, 2nd order surface, cusp surface.
Tasks
Grasping natural objects, grasping man-made objects, hard point grasp-
ing, pin-in-hole insertion, force fit assembly, bending to fit, impact ham-
mering, trajectory following, deburring and grinding, drilling.
• Unified Task-Space Modeling
The goal is to unify the geometric motion planning and task/tool mod-
eling to fully define the task-space of the manipulator. There has been
work in both the areas of geometric motion planning and task/tool mod-
eling, but there exists a need to combine the two to achieve a complete
model of the task-space of the manipulator. A fully defined task-space
is required for better design and operation of the system.
• Matching of Task-Space Requirements with Manipulator Per-
formance
The goal is to match the task requirement/demand maps with manipu-
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lator performance capability maps. The difference between these maps
should guide the design process. That is, the difference between these
maps indicates the amount of performance the manipulator requires to
meet the task specifications (i.e. manipulator under-designed) or the the
amount of performance the manipulator is above the task specifications
(i.e. manipulator is over-designed). A decision making system as dis-
cussed by Ashok and Tesar [2008] should be implemented to provide the
designer with the available solutions and the trade-offs associated with
each of the solutions.
• Design for Limited Task Domain
The goal is to design the system for a given task such that the geo-
metric properties of the system are not widely varying. Here, a robotic
manipulator is designed for a very limited task domain such as spot
welding or peg-in-hole insertion. The performance bounds developed in
this work should be implemented with the additional constraint of the
task/tool modeling and geometric motion programming discussed above.
In contrast, global design described below requires designing a robotic
manipulator to handle widely varying task domains.
• Global Design
The goal is to design the system for a set of given tasks such that the geo-
metric properties of the system are widely varying. Here, task cycles are
considered. Execution of a task cycle requires that the robotic manip-
ulator perform multiple tasks in succession such that each task requires
a different set of kinematic and dynamic requirements (for example, one
task could require low speed and high force while another could require
high speed and low force). Task cycles require the blending of multiple
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motion programs (constraints at blend zone imposed) and means that
the tools need to be interchanged between tasks. The impact of the in-
terchanging of tools and varying kinematic and dynamic requirements
between the tasks on the system needs to be investigated. Designing
the system for widely varying requirements can be thought of as deter-
mining a robust design solution. As discussed above, a decision making
system should be implemented to provide the designer with the avail-
able solutions and the trade-offs associated with each of the solutions.
The decision making system can generate the performance envelopes for
the designer which would require the combination of various task/tool
maps, geometric motion programming maps and manipulator perfor-
mance capability maps. Although important for long-term goals such
lunar exploration and base construction Tesar [2008], in the near future
emphasis should be placed on a limited number of task domains.
Figure 7.12 shows a flow chart of the unified design process incorpo-
rating (1) geometric motion programming, (2) end-effector tool performance
and physical tasks and (3) manipulator performance capability. To grasp the
complexity of the problem, consider the system parameters as given in Ta-
ble 7.6. The parameters in this table (which total 66) represent the number
of parameters for a single actuator and link combination. For a system com-
posed of 6 of these actuator-link combinations, this would mean that over 300
system parameters would have to be managed by the decision-making system
(for both design and operation). In addition, considering a set of 12 repre-
sentative geometric curves and surfaces to define the geometric paths of the
10 representative tasks for remote operations in lunar environments (see Ta-
ble 7.7) the number of parameters the decision-making system must manage
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increases. As shown in Figure 7.12, the process and motion parameters would
be used to define the task-space requirement model which is a model of both
the task the manipulator must execute as well as the environment in which the
manipulator must execute the task. A decision-making system would compare
the task-space requirement model to the manipulator performance and deter-
mine how to optimally manage the actuator parameters (and possibly even
the motion and process parameters) to meet the task model. The decision-
making system would allow the designer to visualize the design space, analyze
the trade-offs between various solutions and store the data for future analysis
and reference.
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Table 7.8. Suggestions for continuing research.
• Unify the geometric motion planning and task/tool modeling to fully define
the task-space of the manipulator.
– Generate a set of geometric motion maps for 13 geometric curve/surface
task modeling primitives listed in Table 7.7.
– Generate tool capability maps for a set of 10 tools.
– Combine geometric motion maps and tool capability maps to generate
a set of 10 task requirement envelopes, one each for the tasks listed in
Table 7.7.
– The task requirement envelopes become the decision surfaces on which
the system should be designed/operated.
• Match the task requirement/demand maps with manipulator performance
capability maps.
– Generate a set of manipulator capability maps based on the parameters
of a finite/minimum set of actuator and link modules.
– Generate a set of 10 difference maps (one for each task) to guide the
design process.
– In short-term, manipulator design limited to specific task domains such
as those listed in Table 7.7.
– In long-term, manipulator design expanded to include task cycles where
manipulator is designed to execute multiple tasks in succession such
that each task requires a different set of kinematic and dynamic re-
quirements.
• Develop/implement a decision making system to provide the designer with
the available solutions and the trade-offs associated with each of the solutions.
– Develop graphical user interface to provide visual displays of perfor-
mance maps/envelopes for the designer.
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Appendix A
Robotic Manipulator Performance
As mentioned in Chapter 1, the task-based design of robotic manipu-
lator systems requires the designer to determine whether a particular design
solution is a “good” or “bad” candidate to execute the task(s). For this rea-
son performance measures have been developed. These measures are based
on the kinematics and dynamics models of these systems. In this appendix, a
review of the issues regarding the performance measures found in the litera-
ture used to evaluate a design will be provided. Also, a review of the modular
design methodology for robotic manipulators as found in the literature will be
provided.
A.1 Issues Regarding Performance Measures
Robotic manipulator performance measures (or metrics) are used to
estimate the effective weight and inertia, speed and force capabilities, etc. of
the system. The performance measures are based on the kinematic, static and
dynamic models of serial-chain robotic manipulators and they make use of the
actuator parameters such as weight, stiffness, torque, and speed along with
the link parameters (weight, stiffness, and geometry). The measures can be
used by an operator to control the available actuator and system resources to
accomplish intricate tasks, or more importantly to this work, they can be used
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by a designer to manage the design parameters such that optimal performance
is obtained.
The actuators considered in this work are one degree-of-freedom (DOF)
systems that exist in a pure rotary domain and hence the performance mea-
sures for these systems have straight forward meanings. Robotic manipulators,
on the other hand, exist in both linear and rotary domains (they can trans-
late and rotate their end-effector) and, therefore, when defining performance
metrics for such systems, the issue of inconsistent units between the linear
and rotary domains must be addressed. This issue, as well as the issue of
the physical and geometric meaning of these metrics, will be addressed in the
following section.
A.1.1 Inconsistency of Units
An issue when defining performance metrics for robotic manipulators is
the inconsistency of the units between the linear and rotary domains. Perfor-
mance metrics whose value depends on the eigenvalues, norm, pseudoinverse,
etc. of the Jacobian do not have invariant physical meaning [Lipkin and Duffy,
1985; Doty et al., 1995]. To avoid this problem, both the task space and the
Jacobian can be decomposed into the rotational and translational components
[Yoshikawa, 1991] and combining this decomposition with the normalization of
the input joint vector results in a homogeneous Jacobian one whose elements
have the same units. Another way of avoiding the problem of inconsistent
units is by assuming all the joints are of the same kind (all revolute or all
prismatic) and, as before, task space is decomposed into translational and
rotational components [Chiacchio and Concilio, 1998].
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A.1.2 Ellipsoids and Polytopes
Another issue with manipulator performance measures is the physical
meaning of the geometric objects used to evaluate these metrics. Two geomet-
rical objects used to evaluate performance metrics are ellipsoids and polytopes.
Mathematically, an ellipsoid can be generated by transforming a hy-
persphere into a hyperellipsoid1 via a linear transformation. In the case of
a robotic manipulator, an ellipsoid can be generated by transforming the set
of all normalized joint speeds whose Euclidian norm (2-norm) is less than or
equal to one, i.e.
Φ˙ =
{
ϕ˙ ∈ <N : ‖ϕ˙‖2 ≤ 1
}
, (A.1)
via the linear transformation
x˙ = Jϕ˙ (A.2)
where J ∈ <6×N is the manipulator Jacobian, x˙ ∈ <6 is the resulting end-
effector (or tool-point) velocity given the joint speed ϕ˙ and N is the number
of degrees-of-freedom (DOF) of the system. This particular ellipsoid describing
the velocity capabilities of a manipulator is called the Ellipsoid of Transmissi-
bility (EOT).2
A polytope, on the other hand, is generated by transforming the nor-
1Hypersphere and hyperellipsoid are used to emphasize these geometric objects have
dimension greater than three.
2In the literature, the term manipulability, or ability of maneuver the end-effector, is
used to describe the dexterity of a robotic manipulator [Yoshikawa, 1985]. In this work,
however, the term transmissibility is the preferred terminology to describe dexterity because
it expresses to the reader more clearly that the actuator and link performance parameters
are transmitted to the system output.
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Figure A.1. Velocity ellipsoid and polytope for two-DOF
system.
malized joint speeds whose ∞-norm is less than or equal to one, i.e.
Φ˙ =
{
ϕ˙ ∈ <N : ‖ϕ˙‖∞ ≤ 1
}
, (A.3)
via the same linear transformation. In this case, the Jacobian transforms a
hypercube into a hyperparallelepiped or polytope. Figure A.1 shows both
transformations for a 2-DOF system (i.e. N = 2).
Ellipsoids and polytopes not only geometrically describe the velocity
capabilities of manipulators, they can also be used to characterize its output
force, acceleration and accuracy. Even though ellipsoids are the most widely
used and accepted technique for visualizing the capabilities of the robotic ma-
nipulators, researchers have argued that they do not transform the exact joint
performance capabilities into task space and in fact are conservative in their
estimation [Lee, 1997]. Since actuators have minimum or maximum perfor-
mance constraints, the ∞-norm rather than the 2-norm is a more accurate
representation of the joint performance capabilities. In other words, polytopes
are more accurate in their estimation of system performance than ellipsoids.
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Polytopes, however, are more complex, are not analytically tractable and re-
quire complex computations.
A.1.3 Ellipsoid and Vector Expansion Methods
Two methods for determining the manipulator performance based on
ellipsoids and polytopes are the ellipsoid expansion method [Bowling and
Khatib, 1995] and the vector expansion method [Pholsiri, 2004]. These meth-
ods are unique in that quantities of interest are mapped from task space to
joint space whereas other methods do the opposite.3 In terms of manipulator
design, this means that we can map the desired manipulator performance to
the required actuator parameters. The difference between these two methods
is that the ellipsoid expansion maps isotropic end-effector capabilities (i.e. the
minimum performance capabilities in all task space directions) to joint space
whereas the vector expansion simply maps the capabilities along a desired di-
rection (as required by the task, for example). Figure A.2 and Figure A.3
illustrate this difference.
Mathematically, the ellipsoid expansion (vector expansion) method in-
volves mapping a unit sphere (vector) in task-space to joint space via a linear
transformation, then expanding the resulting joint space ellipsoid (vector) until
one of the bounds is reached. This expansion in joint space results in an ex-
pansion of the task-space sphere (vector). The size of the resulting task-space
sphere (vector) dictates the isotropic (directional) performance capabilities of
3The ellipsoid expansion method was derived from the work of Thomas et al. [1985a] with
the proper decomposition to address the issue of inconsistent units between the translational
and rotational task-space components. The vector is expansion method was derived from
the ellipsoid expansion method to address the need to determine the performance of the
system in a particular task direction.
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Figure A.2. Geometric interpretation of ellipsoid expansion
method.
the manipulator. Since the mapping is made from task-space to joint space,
the mapping requires the computation of pseudo-inverses of matrices which
clouds the influence of the system parameters to the designer.
With the ellipsoid and vector expansion methods, the expensive com-
putation of polytopes is eliminated while the joint performance capabilities
are represented in the correct ∞-norm sense. In addition, a valuable piece of
information not available through other methods, the limiting joint informa-
tion, is obtained. The limiting joint is the joint whose performance capabilities
limit the overall capabilities of the system; that is, the joint whose bound is
touched by the expanded task space ellipsoid or vector. Conversely, as the
other joints do not limit the end-effector capabilities, they are “‘oversized” for
the task and therefore can be reduced in size. This is very important in the
design phase to maintain the system size and weight low.
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Figure A.3. Geometric interpretation of vector expansion
method.
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